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Abstract 

N < 8 3-algebras have recently appeared in A^-supersymmetric 3-dimensional Chern-Simons 
gauge theories. In our previous paper we classified linearly compact simple N = 8 n-algebras 
for any n > 3. In the present paper we classify linearly compact simple N = 6 3-algebras, using 
their correspondence with simple linearly compact Lie superalgebras with a consistent short 
Z-grading, endowed with a graded conjugation. We also briefly discuss N = 5 3-algebras. 

Introduction 

In recent papers on N-super symmetric 3-dimensional Chern-Simons gauge theories various types of 
3-algebras have naturally appeared (see [12], [3], [Ij, [1], [2], ...). 

Recall that a 3-algebra (also called a triple system [T3]) is a vector space V with a ternary (or 
3-)bracket F®^ V , a b ^ c [a,b,c]. 

The 3-algebras that appear in supersymmetric 3-dimensional Chern-Simons theories satisfy 
certain symmetry conditions and a Jacobi-like identity, usually called the fundamental identity 
(very much like the Lie algebra bracket). 

The simplest among them are 3-Lie algebras, for which the symmetry condition is the total 
anti-commutativity: 

(0.1) [a,b,c] = -[b,a,c] = -[a,c,b], 

and the fundamental identity is: 

(0.2) [o, b,[x,y,z]] = [[a,b,x],y,z] + [x, [a, b,y], z] + [x,y, [a, b, z]] . 

(Of course, identity (0.2) simply says that for each a,b £ V, the endomorphism Da.b{x) = [a, a;] 
is a derivation of the 3-algebra V , very much like the Jacobi identity for Lie algebras; in fact, this 
identity appears already in [13].) 

The notion of a 3-Lie algebra generalizes to that of an n-Lie algebra for an arbitrary integer n > 2 
in the obvious way. In this form they were introduced by Filippov in 1985 [lOj. It was subsequently 
proved in Ling's thesis [17] that for each n > 3 there is only one simple finite-dimensional n-Lie 
algebra over an algebraically closed field of characteristic 0, by an analysis of the linear Lie algebra 
spanned by the derivations Da^h (for n = 3 this fact was independently proved in |10j). This unique 
simple n-Lie algebra is the vector product n-algebra O" in an n -|- 1-dimensional vector space |10j . 
|17j . Recall that, endowing an n -|- 1-dimensional vector space V with a non-degenerate symmetric 
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bilinear form (•, •) and choosing a basis {aj} and the dual basis {a*}, so that {ai,a^) = 5ij, the 
vector product of n vectors from the basis {aj} is defined by: 

(0.3) K,...,a^J =ei,...,i„+ia^"+i, 

where ej^^...^j^^^ is a non-zero totally antisymmetric tensor, and extended by n-linearity. 

In [9] we extended this classification to linearly compact re-Lie algebras. Recall that a linearly 
compact n-algebra is a topological re-algebra (i.e., the n-product is continuous) whose underlying 
topological vector space is linearly compact. The basic examples of linearly compact spaces over 
a field F are the spaces of formal power series F[[xi, . . . endowed with formal topology, or a 

direct sum of a finite number of such spaces (these include finite-dimensional vector spaces with 
discrete topology). Our result is that a complete list of simple linearly compact n-Lie algebras 
over an algebraically closed field F of characteristic for n > 2 consists of four n-algebras: the 
re + 1-dimensional O" and three infinite-dimensional, which we denoted by 5", W^, SW^ (see [9] 
for their construction). 

Our method consists in associating to an re-Lie algebra q a Lie superalgebra L = ^^Z^i Lj with 
a consistent Z-grading, such that L_i = Uq (i.e., the vector space g with odd parity), satisfying 
the following properties: 



(0.4) [a, = , a G Lj , j > , imply a = (transitivity) ; 

(0.5) dimL„_i = 1 unless all n-brackets are 0; 
(0.6) [L„L_i] = L,_i for all j ; 

(0.7) [Lj,Ln-j-i]=0 for all j. 



Provided that re > 2, the Lie superalgebra [L,L] = ©"r^^Lj is simple, hence the classification 
of simple linearly compact n-Lie algebras is thereby reduced to the known classification of simple 
linearly compact Lie superalgebras [HI, [16] and their consistent Z-gradings [T5], [5]. 

Note that, given a consistently Z-graded Lie superalgebra L = 0"r^i Lj, satisfying ()0.4p - (l0.7p . 
we can recover the re-bracket on g = IlL^i by choosing a non-zero fi G L„_i and letting: 

[ai, . . . ,a„] = [. . . . . . , a„] . 

The 3-Lie algebras appear in = 8 supersymmetric 3-dimensional Chern-Simons theories, 
hence it is natural to call them the N = 8 3-algebras. The next in the hierarchy of 3- algebras are 
those which appear in = 6 supersymmetric 3-dimensional Chern-Simons theories (case N = 7 
reduces to = 8), which we shall call = 6 3-algebras. They are defined by the following axioms: 

[a,b,c] = -[c,b,a]; 
[a, b,[x,y,z]] = [[a, b, x] ,y,z]-[x, [b, a,y], z] + [x,y, [a, b,z]]. 

Note that any A^ = 8 3-algebra is also an A^ = 6 3-algebra. (It is unclear how to define A^ = 6 
re-algebras for re > 3.) 

The main goal of the present paper is the classification of simple linearly compact A^ = 6 3- 
algebras over C. The method again consists of associating to an A^ = 6 3-algebra a Z-graded Lie 
superalgebra, but in a different way (our construction in [9] uses total anti-commutativity in an 
essential way). 
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Given an = 6 3-algebra g, following Palmkvist [P], we associate to g a pair (L = L_i © 
Lq © Li ,ip), where L is a consistently Z-graded Lie superalgebra with L_i = Ilg and tp is its 
automorphism, such that the following properties hold: 

(0.8) transitivity ; 

(0.9) [L_i,Li] = Lo; 

(0.10) ifiLj) = L^j and ip^{a) = (-1)^ if a G Lj . 

An automorphism ip of the Z-graded Lie superalgebra L, satisfying (jO.lOp . is called a graded con- 
jugation. 

It is easy to see that g is a simple = 6 3-algebra if and only if the associated Lie super 
algebra L is simple. Thus, this construction reduces the classification of simple linearly compact 

= 6 3-algebras to the classification of consistent Z-gradings of simple linearly compact Lie 
superalgebras of the form L = L_i (B Lq (B Li (then (10. 8p and (10. 9p automatically hold), and their 
graded conjugations (p. The 3-bracket on g = nL_i is recovered by letting [a, 6, c] = [[a, (^(6)], c]. 

The resulting classification of = 6 3-algebras is given by Theorem 1.11, and its proof is given 
in Sections 2,3, and 4. In Section 5, based on the discussion in [2j, we propose a definition and 
obtain a classification of N = 5 3-algebras, and give a construction of a reduction from A^ = 6 
3-algebras to N = 5 3-algebras. 

The base field is an algebraically closed field F of characteristic zero. 



1 Examples of N = 6 3-algebras 

Definition 1.1 An N = 6 3-algebra is a 3-algebra whose 3-bracket [•,-,•] satisfies the following 
axioms: 

(a) [u,v,w] = —[w,v,u] 

{b) [u,v,[x,y,z]] = [[u,v,x],y,z] - [x,[v,u,y],z] -^[x,y,[u,v,z]] 
Example 1.2 Every 3-Lie algebra is an A^ = 6 3-algebra. 

Example 1.3 Let A be an associative algebra and let * be an anti-involution of A, i.e., for every 
a € yl, (a*)* = a and for every a,b A, {ab)* = b*a*. Then A with 3-bracket 

(1.1) [a,b,c] = ab*c — cb*a 

is an A^ = 6 3-algebra. For instance, if ^ = M„(F) and * is the transposition map * : a i— )• a*, then 
the corresponding 3-bracket (II. ip defines on ^ an A^ = 6 3-algebra structure. Likewise, if n = 2/c 
and * is the symplectic involution 

* : a I— )• J2kO^ 1 

with = ( if I ' then (jl.ip defines on M„(F) an A^ = 6 3-algebra structure. If n = 2, this 

V J 

is in fact a 3-Lie algebra structure. 

More generally, consider the vector space Mm^„(F) of m x n matrices with entries in F, and let 
* : Mm,n(F) — )• M„^m(F) be a map satisfying the following property: for v,u,y £ Mm^„(F), 

(1.2) {vu*y)* = y*uv*. 
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Then Mm^„(F) with the 3-bracket (jl.ip is an = 6 3-algebra. (Note that if m = n, then property 
()1.2p imphes that * is an anti- involution) . As an example we can take * = *; we denote this 3- 
algebra by A^(m,n;t). Likewise, \i m = 2h and n = 2k are even, it is easy to check that the map 
St : Mm,n{^) M„,„(F), given by 

(1.3) st : ai-?- J2ka^J2hi 

satisfies property ()1.2p . hence Mm^„(F) with the corresponding 3-bracket (jl.ip is an = 6 3- 
algebra, which we denote by A^{m, n; st). It is easy to see that the 3-algebra A^{2^ 2; st) is actually 
an N=8 3-algebra, isomorphic to . 

Lemma 1.4 (a) Let * : Mm,n{^) M„,„(F) be defined by: b* = k'^b^h for some symmetric 
matrices h E GLm(F) and k G GL„(F), then the corresponding 3-bracket (Ejp is isomorphic 
to the one associated to transposition. 

(b) Let + : M2h,2k(^) Ml2k,2h{^) be defined by: = H2kO^H2^ for some skew- symmetric 
matrices H2i G GL2j(F), then the corresponding ^-bracket M.l\) is isomorphic to the one 
associated to map 

Proof, (a) First of all notice that every symmetric matrix A G GL„(F) can be written as the 
product B^B where B G G-L„(F) and B^ is its transpose. Hence let h = x^x G GL„i(¥) and 
k = y^y G GL„(F) and consider the map if : Mm,n{^) Mm,n{^) defined by (p{u) = x~^uy. For 
a,b,c £ Mm,n(F), let [a, b, c] = ab^c — cb^a and [a, b, c]* = ab*c — cb*a. Then we have: ip{[a, b,c]) = 
(p{ab^c — cb^a) = x~^ab^cy — x^^cb^ay = {x~^ay){y~^b^x)(x~^cy) — {x~^cy){y~^b^x){x~^ay) = 
ip{a)y-^{y-^y{ip(b)yx*xip{c)-ip{c)y~^{y-~^Y{ip{b)Yx^xip{a) = ^{a)k-^{<^{b)Yh^{c)-^{c)k-^{ip{b)Y 
h(p{a) = [ip{a),ip{b),{p{c)]* , and this shows that the 3-brackets [, ,] and [, ,]* are isomorphic. 

(6) Now let H2k = B^^J2kB and H2h = A~^J2hA for some matrices A G GL2k and B G GL2/1 
such that B~^ = B\ A'^ = AK For a, 6, c G M2h^2k{^)-, let [a, 6, c]* = ab*c - cb*a with 
b* = J2kb^J-f^. Let if : M2h,2k{^) ^ M2h,2k{^) defined by ip{x) = A-^xB. Then we 
have: ip{[a,b,c]*) = ip[ab* c - cb* a) = A-^ab*cB - A-^cb*aB = {A-^aB){B-^b*A){A-^cB) - 
{A-'^cB){B-^*A){A-^aB) = ^{a)B-^ J2kb^ J-^ Aip{c) - ip{c)B-^J2kb^J-,^Aip{a) = ip{a)H2kBVA 
H~^^{c)-^{c)H2kB'b'AH-^^{a)=^{a){H2km'H2,]Mc)-ip{c)^^^ = [ip{a),^{b), 

(p{c)\^ and this shows that the 3-brackets [, ,]* and [,,]"*" are isomorphic. □ 

Example 1.5 Let us consider the map V' : Mi,2n(F) M2„,i(F), defined by: iIj{X Y) = {Y -Xf, 
for X, y G Mi^n- Then Mi.2n with 3-bracket 

(1.4) [A, B, C] = -AB^C + CB^A - Ci){A)i^{Bf 
is an = 6 3-algebra, which we denote by C'^{2n). 

The N=6 3-algebras A^{m,n;t) and C^(2n) were introduced in [2]. 

Lemma 1.6 Let [•, •, be the ^-bracket on Mi^2n defined by [a,6, c]* = —a(kb''h^^)c + c{kb^h~^)a — 
ctp{a)h{tp{b)yk^^ for some matrix ^ ~ ^ q ^1 ^ ^ GL2{¥) and some symmetric matrix k G 
5p2n(IF). Then [•,-,•]* is isomorphic to 
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Proof. Note that we can write h = xx^ for some matrix x € GL2(F) and k = yy^ for some matrix 
y € 5'p2n(IF)Q Consider the map if : Mi_2n — ^ -^i,2n defined by: ^p{u) = xuy^^ and let [•,-,•] be 
3-bracket (jl.4p . Then we have: (/^([a, 6, c]) = —{xay~^)yb^x~^{xcy~^) + {xcy~~^)yb^x~^{xay~^) — 
{xcy-^)y'4)[a)il)(hYy-^ = -ip{a)yb^x-'^^p{c) + ip{c)yb^x-^^p{a)-^p{c)y^p{a){tp{b)Yy-^ = -ip[a)kip{by 
h~^ip{c) + ip{c)kip{byh^^Lp{a) — ^p{c)ip{ip{a))hip{^p{b)Y k^^ = [ip{a),ip{b), v'(c)]*- In order to show 
that ytlj{a){ip{b)Yy^^ = tlj{ip{a))hip{ip{b)Y k~^ , it is convenient to identify Mi^2n{^) with the set 

of matrices of the form f | where A = ( ^ ? I, with a,b ^ Mi„. Then, for X G 

V V'(^) y \a b ) 

M2,2n(F), V'(^) = J2nX\J2^. Then we have: ip{'^{a))htlj{ip{b)y k'^ = Jinixay'^f J^^ xx\J2n{xb 

y-^yj2^y{y')-^y-^ = J2n{y~'Y_a'x'J2'xx'J2xby-^J^^\y')-'y-^ = yJ2n a'bJ^^^y-' = y^{a)m' 

y^^ since y^J2ny = J2n and x^J2^hJ2X = I2. □ 

Example 1.7 Let P be a generahsed Poisson algebra with bracket {., .} and derivation D (see 
[7j for the definition). Let o" be a Lie algebra automorphism of P such that —a is an associative 
algebra automorphism, = 1 and a o D = —D o a. Then P with the 3-bracket: 

(1.5) [/, g, h] = {/, a{g)}h + {/, h}aig) + f{a{g), h} + Dif)aig)h - fa{g)D{h), 

is an = 6 3-algebra. 

For example, consider the generalised Poisson algebra P{m, 0) in the (even) indeterminates 
pi, . . . ,Pk, qi, ■ ■ ■ , Qk (resp. pi, . . . ,pk, qi, ■ ■ ■ , qk,t) if m = 2k (resp. m = 2k + 1) endowed with the 
bracket: 

where E = X]f=i(P«^ + 9*^) i^^^ ^^^^ terms in (jl.6p vanish if m is even) and the derivation 
D = 2^ (which is if m is even). Then the map fi^ : f{pi,qi) —f{fipi),fiqi)) (resp. o"^ : 
f{t,pi, qi) I-)- —f{ip{t), (p(pi), ^{qi)), where (/? is an involutive linear change of variables (i.e. 99^ = 1), 
multiplying by —1 the 1-form J2i{Pidqi — q-idpi) if m is even (resp. dt + "^iiPidqi — qidpi) if m is 
odd), satisfies the conditions described above, hence the corresponding 3-bracket (|1.5p defines on 
P{m, 0) an = 6 3-algebra structure. We denote this 3-algebra by P^{m; ip). 

Example 1.8 Let A = F[[x]]<i> eF[[x]]<2) be the direct sum of two copies of the algebra F[[x]]; for 
/ G F[[x]], denote by /^*^ the corresponding element in F[[x]]^*^ Set D = d/dx and let a = (uij) be 
a matrix in GL2(F). We define the following 3-bracket: 

[/«,/>,/i«] = (-l)X,((/Z)(/i)-Z)(/)%((^(x)))«, with j^i; 

[/«,5<^-),/i«] = (-l)*a,-,((/D(/i)-D(/)%((p(x)))«, for j/i; 

[f'^^\g'^^\h<^''>] = aji{{fD{g{^{x)))-D{f)g{p{x)m^^^ 

and extend it to A by skew-symmetry in the first and third entries. If a G S'L2(F) and either 
= — 1 and 99 = — 1, or = 1 and (p = 1, then {A, [•,-,•]) is an = 6 3-algebra, which we denote 
by SW'^{a). Note that if a-^ = 1, i.e., up to rescaling, a = 1, and ip = 1, then we get the N = 8 
3-algebra SW^ ^. 

^As E. Vinberg explained to us, if a is an anti-involution of a connected reductive group G and S denotes its 
fixed point set in G, then, by a well-known argument of Cartan, any element k £ S can be represented in the form 
k = yo{y) for some y £ G, provided that 5* is connected. 
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Example 1.9 Let A = ¥[[xi,X2]] and Di = for i = 1,2. We consider the following 3-bracket: 



(1.7) 



/ / fig) h 

=det Diif) Dii^ig)) Di{h) 



) 



where ip is an automorphism of the algebra A. If 99 is a linear change of variables with determinant 
equal to 1, and 99^ = 1, then A with 3-bracket (jl.7p is an = 6 3- algebra, which we denote by 
S^{ip). Note that if if = 1, then we get the iV = 8 3-algebra [9J. Clearly, all 3-algebras S^{lp) 
with 99 ^ 1 are isomorphic to each other. 

Example 1.10 Let A = ¥[[xi,X2, X3]] and Di = for z = 1, 2, 3. Consider the following 3-bracket 
on A: 



where (/9 is an automorphism of the algebra A. If 99 is a linear change of variables with determinant 
equal to 1, and 99^ = 1, then A with product (jl.8p is an A'^ = 6 3-algebra, which we denote by 
W^{lp). Note that if 99 = 1, then we get the = 8 3-algebra [9]. Clearly, all 3-algebras W^{lp) 
with 99 ^ 1 are isomorphic to each other. 

One can check directly that the above examples are indeed = 6 3-algebras. However a 
proof of this without any computations will follow from the connection of A^ = 6 3-algebras to Lie 
super algebras, discussed below. The main result of the paper is the following theorem. 

Theorem 1.11 The following is a complete list of simple linearly compact N = 6 3-algebras over 
C: 

(a) finite-dimensional: A'^{m,n; t), A^{2m,2n;st), C'^{2n) (m,n > I); 
(h) infinite- dimensional: P^{m;ip) (m > 1), SW^{a), S^{ip), W^{ip). 

Proof. Theorem 12.31 from Section 2 reduces the classification in question to that of the pairs 
(L, o"), where L = L_i (B Lq (B Li is a simple linearly compact Lie superalgebra with a consistent 
Z-grading and cj is a graded conjugation of L. A complete list of possible such L = L_i © Lq ® -Li 
is given by Remarks 13.21 and 13.41 from Section [3j Finally, a complete list of graded conjugations of 
these L is given by Propositions 14.31 and 14.81 from Section 4. 

By Theorem l2.3f 6). the N = 6 3-algebra is identified with nL_i, on which the 3-bracket is given 
by the formula [a,6, c] = [[a, cr(6)], c]. This formula, applied to the Z-graded Lie superalgebras L 
with graded conjugations, described by Proposition 14.31 (a), (b). (c) in the finite-dimensional case 
produces the 3-algebras A^{m,n;t), A'^{2m,2n; st), C'^(2n), respectively, and those, described by 
Proposition I4.8f a) and (6), (c) and (d), (e) and (/), (g) in the infinite-dimensional case produces 
the 3-algebras P^{m; 99), SW'^{a), S'^{ip), ^^^(99), respectively. The fact that all of them are indeed 
A'^ = 6 3-algebras follows automatically from Theorem 12.3( 6). □ 

2 Palmkvist's construction 

Definition 2.1 Let g = (BjezQj be a Lie superalgebra with a consistent Z-grading. A graded 
conjugation of q is a Lie superalgebra automorphism 99 : g — )■ g such that 



(1.8) 




Di{f) DMg)) Di{h) 
D2if) D2{ip{g)) D2{h) 
D^if) Dsi^ig)) D^{h) 
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1- "PiQj) = 0-i 

2. ^"^{x) = {—l)^x for X G 0fc- 

Theorem 2.2 Let g = ©j>_i0j he a "L-graded consistent Lie superalgebra with a graded conjugation 
(/?. Then the 3-bracket 

[u,v,w] := [[u,ip{v)],w] 
defines on HQ-i an N = 6 3-algebra structure. 

Proof. Since the grading of q is consistent, 0_i and gi are completely odd and go is even. 

For u,v,w G g_i we thus have: [u, := [[ti, tt;] = [u, [(/^(t;), to]] = — [[(/^(f ), w], u] = 

— [[tt;, n] = —[w,v,u], which proves property (a) in Definition II. li 

Besides, for u, v, x,y,z £ g_i we have: [u, v, [x, y, z]] — [x, y, [u, v, z]] = [[u, ^(v)], [[x, ^p{y)], z]] — 
[[x,f{y)],[[u,f{v)],z]] = [[u,ip{v)],[x,(p{y)]],z] + [[x,ip{y)],[[u,(p{v)], z]] - [[x,(p{y)],[[u,(p{v)],z]] = 
[[u,<f{v)], [x,f{y)]],z] = [[[u,(p{v)],x],ip{y)],z] + [[[x,[[u,(p{v)],(f{y)]],z] = [[[u,<f{v)],x],(p{y)],z] - 
[[[x,ip{[[ip{u),v],y])],z] = [[[u,v,x],y,z] -[x,[v,u,y],z] □ 

We shall now associate to an = 6 3-algebra T with 3-bracket [•,-,•], a Z-graded Lie superalge- 
bra LieT = Lie-iT ® LicqT ® LieiT , as follows. For x,y €T, denote by L^^y the endomorphism of 
T defined by Lx^y{z) = [x, y, z]. Besides, for x € T, denote by ipx the map in Hom{IYT ® IIT, lYT) 
defined by (px{y-, z) = — [y, x, z\. Here, as usual, IIT denotes the vector space T with odd parity. 

We let Lie-iT = IIT, Lie^T = {Lx^y \ x,y £ T), LieiT = {ipx \ x G T), and let LieT = 
Lie-iT © LicqT © LieiT. Define the map a : LieT — > LieT by (x, y,z G T): 

z I— >■ (pz, '-Pz ^ 2;, Lx^y 1—^ -^y,x- 



Theorem 2.3 (a) LieT is a Z,-graded Lie superalgebra with a short consistent grading, satisfying 
the following two properties: 

(i) any non-zero Z-graded ideal of LieT has a non-zero intersection with both Lie^iT and 
LieiT ; 

(a) [Lie-iT, LieiT] = LieoT. 

(b) a is a graded conjugation of the Z-graded Lie superalgebra LieT and the 3-product on T is 
recovered from the bracket on LieT by the formula [x,y,z] = [[x,a{y)], z]. 

(c) The correspondence T — > {LieT, a) is bijective and functorial between N = 6 3-algebras 
and the pairs {LieT, a), where LieT is a Z-graded Lie superalgebra with a short consistent grading, 
satisfying properties (i) and (ii), and a is a graded conjugation of LieT. 

(d) A 3-algebra T is simple (resp. finite- dimensional or linearly compact) if and only if LieT 

is. 

Proof. For x,y,z G T, we have: [(^xj-z] = —Lz,x, and 

(2-1) [Lx,y, Lx'^y'] = L^x,y,x'],y' ~ Lx'\y,x,y']- 

Note that [Lx,y,ifz\ = -<f[y,x,z\- Finally, [[ipx,ipy\, z] = [ipx,[ipy,z\] + [ipy,[ifx, z\] = -[ipx,Lz,y] - 

[(Py,Lz,x] = [Lz,y,Px] + [Lz,x,'Py] = -V'[y,z,x] " <^[x,z,y] = 0- HeUCe [iPx,'Py] = 0. 
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It follows that LieT is indeed a Z-graded Lie superalgebra, satisfying {ii) and such that any 
non-zero ideal has a non-zero intersection with Lie-i. It is straightforward to check (6), hence any 
non-zero ideal of LieT has a non-zero intersection with LieiT, which completes the proof of (a). 

(c) is clear by construction. Since the simplicity of T, by definition, means that all operators 
Lx^y have no common non-trivial invariant subspace in T, it follows that T is a simple 3-algebra if 
and only if Lie^T acts irreducibly on Lic-iT. Hence, by the properties (i) and (ii) of LieT, T is 
simple if and only if LieT is simple. The rest of (d) is clear as well. □ 

Remark 2.4 cr^i^f,^rp = 1 if an only if T is a 3-Lie algebra. 

3 Short gradings and graded conjugations 

In this section we shall classify all short gradings of all simple linearly compact Lie superalgebras. 
We shall describe the short gradings of the classical Lie superalgebras 0,0 7^ Qi"^)-, P{f^)-, in terms of 
linear functions / on the set of roots of 0. For the description of the root systems of the classical Lie 
superalgebras, we shall refer to [l5j. As for the Lie superalgebra Q{n), we will denote by Cj and 
the standard Chevalley generators of Q{n)Q, and by Cj and fi the corresponding elements in <5(n)j. 
Besides, we will identify P{n) with the subalgebra of the Lie superalgebra SHO{n,n) spanned by 
the following elements: {xiXj,^i(,j : i,j = 1, . . . ,n; Xj^j : i / j = 1, . . . , n; Xj^j - Xj+i^j+i : i = 
1, . . . ,n — 1} (cf. [HI §8], and thus describe the Z-gradings of P{n) as induced by the Z-gradings 
of SHO{n,n). Recall that the Lie superalgebra W{0,n) is simple for n > 2, and for n = 2 it is 
isomorphic to the classical Lie superalgebra osp{2,2) [14]. Moreover the Lie superalgebra H(0,n) 
is simple for n > 4, and for n = 4 it is isomorphic to psl{2,2). Hence, when dealing with W{0,n) 
(resp. H{0,n)) we shall always assume n > 3 (resp. n > 5). Likewise, since T^(l,l) = K{1,2) and 
5(2,1) = SKO{2,3;0) [H §0], when dealing with W{m,n) and S{m,n) we shall always assume 
{m,n) ^ (1,1) and (m, n) ^ (2,1), respectively. 

Proposition 3.1 ^ complete list of simple finite- dimensional Z-graded Lie superalgebras with a 
short grading Q = 0-i©0offi0i such thatQ^i and Qi have the same dimension, is, up to isomorphism, 
as follows: 

1. Am, Bm, Cm, Dm, Eq, with the Z-gradings, defined for each s such that Ug = 1 by /(a^) = 

1. f{ai) = for all i ^ s, where ai, . . . , Um are simple roots and - aiUi is the highest root; 

2. psl{m,n) with the Z-gradings defined by: /(ei) = • • • = /(e^) = 1, f{ek+i) = • • • = f{em) = 0, 
f{Si) = ■■■ = f{Sh) = 1, /(4+i) = • • • = f{6n) = 0, for each k = l,...,m and h = l,...,n; 

3. osp(2m + l,2n) with the Z-grading defined by: /(ei) = 1, f{ei) = for all « / 1, f{Sj) = 
for all j; 

4- osp(2,2n) with the Z-grading defined by: /(ei) = 1, f{Sj) = for all j; 

5. osp{2,2n) with the Z-grading defined by: /(ei) = 1/2, f{dj) = 1/2 for all j; 

6. osp{2m,2n), m > 2, with the Z-grading defined by: /(ei) = 1, f{ei) = for all i ^ 1, 
f{5,) = for all j; 

7. osp(2m,2n), m>2, with the Z-grading defined by: f{ei) = 1/2, f{5j) = 1/2 for all i,j; 
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8. D(2,l;a) with the Z-grading defined by: /(ei) = /(e2) = 1/2, /(es) = 0; 

9. F{4:) with the Z-grading defined by: /(ei) = 1, /(ej) = for all i ^ I, f{5) = 1; 

10. Q{n) with the gradings defined by: deg(ei) = deg(ej) = — deg(/i) = — deg(/j) = ki, with 
kg = 1 for some s and ki = for all i ^ s; 

11. P{n) with n = 2h > 2 and the gradings of type (1, . . . , 1, 0, . . . , 0|0, . . . , 0, 1, . . . , 1) with h I's 
and h O's both in the even and odd part; 

12. H{0,n) with the grading of type (|1, 0, . . . , 0, — 1). 

Proof. The claim for simple Lie algebras (the proof of which uses conjugacy of Borel subalgebras) 
is well known (see e.g. p3]). 

In order to classify all short gradings of all classical Lie superalgebras g, we shall classify linear 
functions / on the set of roots of q which take values 1, or —1. 

Let g = psl{m,n), i.e. = sl{m,n) for m ^ n, and = sl{n,n)/¥In^n for m = n. Since g has 
(even) roots ib(ej — ej) and =b((^j ~ ^ linear function / on the set of roots taking values and 
±1, is defined, up to a permutation of e^'s and (5j's, by: /(ei) = • • • = /(e^) = o, /(e^+i) = • • • = 
f{em) = a - 1, f{5i) = ■■■ = f{6h) = b, f{6h+i) = ■■■ = f{6n) = 6-1, for some a,b, = 0, . . . , m, 
/i = 0, . . . , n. On the other hand, g has (odd) roots ±(ei — 6j), hence, either b = a or k = m and 
b = a + 1. Since the value of / on the roots is independent of a, we can let a = 1. 

Now let g = osp{2m + l,2n). Then g has roots 5i and 2(5j, hence f{6i) = for every i. It 
follows that for every j, either /(e^) = ±1 or /(e^) = 0. If /(cj) = for every j, then we get a 
grading which is not short, hence we can assume, up to equivalence, that /(ei) = 1. Since g has 
roots Ei ± Ej, it follows that /(cj) = for every j 7^ 1. 

Now let g = osp{2, 2n). Then g has even roots of the form ±25i and ±6i it 6j, and odd roots of 
the form ±ei±6i hence, either f{6i) = or f{6i) = ±1/2. If f{6i) = for every i, then /(ei) = 1. If 
f{Sk) = 1/2 for some k, then f{6i) = for every i and /(ei) = 1/2. We hence get two inequivalent 
short gradings. 

Likewise, if g = osp{2m, 2n) with m > 2, either f{6i) = for every i, /(e^) = 1 for some k and 
/(ej) = for every j 7^ fc, or /((5j) = for every i and /(ej) = 1/2 for every j. 

Now let g = D(2,l;a). Then g has roots =b2ej, i = 1,2,3, hence we may assume that /(ei) = 
1/2. It follows that, up to equivalence, /(e2) = 1/2 and /(es) = 0. 

Let g = F{4). Then g has even roots ±ei±ej, i 7^ j, ±ej, ±5, and odd roots l/2(ibei±e2±e3±(5). 
It follows that there exists some k such that /(e^) = 1, hence, /(e^) = for every i ^ k and 
f{5) = ±1, i.e., up to equivalence, g has only one short grading. 

Let g = G(3). Since 5 and 25 are roots of g, we have f{5) = 0. Moreover, for every i, either 
/(ej) = or /(ej) = ±1. If /(ej) = for every i, then the grading is not short, hence we may 
assume, up to equivalence, /(ei) = 1. It follows that, for j = 2,3, either /(ej) = 1 or /(ej) = 0. 
But this contradicts the linearity of / since ei + e2 + es = 0. Hence G(3) has no short gradings. 

Let g = Q{n). Then any Z-grading of g is defined by setting deg(ej) = deg(ej) = — deg(/j) = 
— deg(/j) = /cj € Z>o. Then, since g(n)o = An, it is clear that such a grading has depth one if and 
only if all /cj's are except for fe^ = 1 for some s. 

Finally, we recall that a complete list of Z-gradings of depth 1 of all simple linearly compact 
Lie superalgebras is given in [8l Proposition 8.1]. Then if g is a simple finite-dimensional Lie 
superalgebra which is not classical, or g = P(n), we select among these gradings the short ones 
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such that 01 and g_i have the same dimension, hence getting gradings 10. and 11. in the statement. 
□ 

Remark 3.2 It follows from Proposition 13.11 that a complete list of simple finite-dimensional Z- 
graded Lie superalgebras with a short consistent grading g = 0_i © go © 0i such that g_i and gi 
have the same dimension, is, up to isomorphism, as follows: 

- psl{m, n) with m,n > 1, in + n > 2, with the grading /(ei) = • • • = f{€m) = 1, fi^i) = ■ ■ ■ = 
/(5n) = 0; 

- osp{2, 2n), n > 1, with the grading f{5i) = for all i, /(ei) = 1. 

Notice that has, up to equivalence, a unique consistent Z-grading, i.e., the grading of type 

(1, . . . , 1|0, ... ,0). In this grading one has: gg = g_i ^ A2(F"+1)* and gi ^ S^F^+i, where 

F"'"'"^ denotes the standard sZ„+i-module, hence gi and g_i have different dimension. Finally, no 
short grading of the Lie superalgebra Q{n) is consistent since in this case gj is an irreducible 
gg-module. 

Proposition 3.3 A complete list of simple linearly compact infinite- dimensional "L-graded Lie su- 
peralgebras with a short grading g = g_i ® go © gi such that g_i and gi have the same growth and 
the same size, is, up to isomorphism, as follows: 

- S{1,2) with the grading of type (0|1,0); 

- S{1,2) with the grading of type (0|1,1); 

- H{2k,n) with the grading of type (0, . . . ,0|1,0, ... ,0, —1); 

- K{2k + 1, n) with the grading of type (0, . . . , 0|1, 0, . . . , 0, —1); 

- SHO{3,3) with the grading of type (0, 0, 0|1, 1, 1); 

- SKO{2,3; f3) with the grading of type (0, 0|1, 1, 1); 

- -£(1,6) with the grading of type (0|1, 0, 0, — 1, 0, 0). 

Proof. All Z-gradings of depth 1 of all infinite-dimensional linearly compact simple Lie superal- 
gebras are listed, up to isomorphism, in [SI Proposition 9.1]. Among these gradings we first select 
those which are short, hence getting the following list: 

1) W{m, n), with m > 0, n > 1, (m, n) ^ (1, 1), with the grading of type (0, . . . , 0|1, 0, . . . , 0); 

2) W{m, n), with m > 0, n > 1, (m, n) ^ (1, 1), with the grading of type (0, . . . , 0| — 1, 0, . . . , 0); 

3) S{m, n), with m > 1 and n > 1, (m, n) 7^ (2, 1), or m = 1 and n > 2, with the grading of type 
(0,...,0|1,0,...,0); 

4) S{1, 2) with the grading of type (0|1, 1); 

5) H{2k,n) with the grading of type (0, . . . ,0|1,0, . . . ,0,-1); 

6) K{2k + l,n) with the grading of type (0, . . . ,0|1,0, . . . ,0,-1); 
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7) SHO{3,3) with the grading of type (0, 0, 0|1, 1, 1); 



8) SKO{2,3;(3) with the grading of type (0,0|1,1,1); 

9) ^(1,6) with the grading of type (0|1, 0, 0, -1, 0, 0). 

Let us consider W{m, n) with n > 1 and the grading of type (0, . . . , 0|1, 0, . . . , 0). Then 0_i = 
{^)(^¥[[xi,...,Xm]]®HC2,---,Cn) and 01 = (6^,6^1^ = 'i^,---,m,j = 2, . . . , n) F[[xi, . . . , 
Xm]] <8) A(^2i • • • 5 Cn)- Therefore 0_i and gi have the same growth equal to m but g^i has size 2""^ 
and 01 has size (m + n — 1)2"^^. It fohows that for m > 0, n > 1 and {m,n) ^ (1, 1), 0_i and 0i 
do not have the same size. Likewise case 2) is ruled out. 

Now let us consider S{m,n) with n > 1 and the grading of type (0, . . . ,Ojl,0, ... ,0). Then 
0-1 = {-^)^mxi, ■ ■ . ,rE„]](g)A(^2,- • • and 01 = {/ G (Ci^^^^jN = 1, • • ■ = 2, . . . ,n)(g) 
F[[xi, . . . , Xm]] "8) A(^25 ■ ■ ■ , Cn) \ div{f) = 0}. Therefore 0_i and 0i have the same growth equal to 
m but 0„i has size 2"~^ and 0i has size (m + n — 2)2"~^. It follows that for m > 1, {m,n) ^ (2,1), 
or m = 1 and n > 2, 0_i and 0i do not have the same size unless m = 1 and n = 2. □ 

Remark 3.4 It follows from Proposition 13.31 that a complete list of simple infinite-dimensional 
Z-graded Lie superalgebras with a short consistent grading = 0_i ©0o ©0i such that 0„i and 0i 
have the same growth and size, is, up to isomorphism, as follows: 

- S{1, 2) with the grading of type (0|1, 1); 

- H{2k,2) with the grading of type (0, . . . ,0|1, -1); 

- K{2k + 1,2) with the grading of type (0, . . . ,0|1, -1); 

- SHO{3,3) with the grading of type (0, 0, 0|1, 1, 1); 

- SKO{2,3;P) with the grading of type (0,0|1,1,1). 

4 Classification of graded conjugations 

In this section we shall classify all graded conjugations a of all Z-graded simple linearly compact Lie 
superalgebras with a short consistent grading = 0_i © 0o © 0i. In Lemma llTfl and Proposition 
14.81 we shall assume that F = C. This assumption can be removed with a little extra work. 

Remark 4.1 If is an automorphism of preserving the grading and o" is a graded conju- 
gation, then ipaip~^ is again a graded conjugation which is equivalent to a. Indeed, we have: 

LpaLp~^LpaLp~^ = (pfiip~^ = fj,, where fi^^^ = {—l)^id. 

Remark 4.2 If ip is an involution of preserving the grading and commuting with a, then cpa is 
again a graded conjugation. 

Proposition 4.3 The following is a complete list, up to equivalence, of graded conjugations of all 
simple finite- dimensional Lie superalgebras: 




11 



(b) 5 = sl{2h,2k)/¥I52h,2k: ^2 
transposition defined by il.cl]) . 

(c) Q = osp{2,2n): ai. 



1 , where st denotes the symplectic 



Proof. The Lie super algebra sl{m,n) has a short consistent grading such that go = So consists of 



matrices of the form 



a 
6 



where tra = tr6, g_i is the set of matrices of the form 
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and 01 is the set of matrices of the form 



(3 





For m ^ n every automorphism of sl{m,n) is either of the form Ad diag{A,B) for some 
matrices A G GLm(F), B £ GL„(F), or of the form Ad diag{A,B) o ai [19]. Note that af = 

= Ad diag{Im,-In) ° cri. For ( " ^ 



Ad diag{Im, —In) and af = a 



£ sl{m,n), we have: 



Ad diag{A, B) 



a b 
c d 



hence every automorphism Ad diag{A, B) maps 



AaA-^ AbB-^ 
BcA-^ BdB-^ 

01 (resp. 0_i) to itself and does not define a graded conjugation of 0. Let ipA,B = diag{A, B)oai. 

a ^ \ - ( -Aa^A-^ Ac^B-^ 
c d ) ~ \ -Bb^A~^ -Bd^B-^ 
^2 - 1, hence A^A'^ = Xlm and B^B-^ 



Then ipA,B 
definition, ipA b' 



So 



If VA,B is a graded conjugation of 0, then, by 
pin, for some A,p € F. Besides, since 



'PA,B 



01 



-1, we have p = X. It follows that A* = XA hence, by transposing both sides of the 
equality, A = A^* = X'^A, i.e., = 1. Therefore, either A^ = A and 5* = B, or A* = -A, 
B^ = —B and m and n are even (since A and B are invertible). The thesis then follows from 
Lemma 11.41 

If m = n, in addition to the automorphisms described above, sl{n,n)/¥In,n has automorphisms 
of the form Ad diag(A, B) o 11, Ad diag{A, B) oU o ai and Ad diag{A, B) o ai o 11, where A,B£ 

d c 



GL„(F), and 11 is defined as follows: for 



a b \ . ^ ( a b 

c d H^^H^'^).n ^ ^ 



m. Note 



that cJi o n o (ji = n and 11 o cji o 11 = cj]^ . The automorphisms of the form Ad diag{A, i?) o IT o cji 
and Ad diag{A, B)oai oil map 0i (resp. 0_i) to itself, hence they do not define graded conjugations 

a b \ ( AdA-^ AcB'^ 



of 0. Let 4'A,B = Ad diag{A, B) oil. Then 4)a,b 



d 



BbA- 



BaB 



-1 



It follows that 



V'A = 1 if and only if AB = BA = XIn- As a consequence, iI^a b^ = 1) hence ipA B does not 
define a graded conjugation. 

The Lie superalgebra osp{2, 2n) has a short consistent grading such that 0o consists of matrices 



of the form 



A 
D 



where A 



a 








-Q 



a S F, and D lies in the Lie algebra sp{2n), 
( 



defined by J2n, 0-i is the set of matrices of the form 







a b 


6* 
-a* 






, and 01 is the set of 



matrices of the form 






a b \ 





6* 


" ] 


-a* 



, with a,b £ Ml „. 
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Every automorphism of osp{2, 2n) is either of the form Ad diag{A, B) for some matrices A = 
diag{a,a~^), a ^ ¥^ , B £ Sp2n{¥), or of the form Ad diag{A,B) o ai ^9\. One can easily check 
that every automorphism of the form Ad diag{A, B) sends 0_i (resp. gi) to itself, hence it does not 
define a graded conjugation of g. Let = Ad diag{A, B) oai. Then, using the same arguments 
as for the automorphisms ipA,B of the Lie superalgebra sl{in,n), one can show that ^a,b defines 
a graded conjugation of osp{2, 2n) if and only if S is a symmetric matrix. Then the result follows 
from Lemma ll.6i □ 

Remark 4.4 If g is a simple infinite-dimensional linearly compact Lie superalgebra, then Aut g 
contains a maximal reductive subgroup which is explicitely described in [6| Theorem 4.2]. We shall 
denote this subgroup by G. We point out that any reductive subgroup of Aut g is conjugate into 
G, in particular any finite order element of Aut g is conjugate to an element of G. 

Example 4.5 The grading of type (0, . . . , 0|1, -1) of g = H{2k, 2) (resp. K{2k + 1, 2)) is short. 
Let A = F[[pi, . . . ,pfc,9i, • • • ,9fc]] (resp. A = F[[t,pi, . . . ,Pk,qi, ■ ■ • We have: 

g-i = {i2)®A, 

00 = ((1,66) ®^)/Fl (resp. (1,66) ®^), 

01 = {ii)®A. 

For every linear involutive change of variables multiplying by —1 the 1-form '^i=i{Pidqi — qidpi) 
(resp. dt + J2i=i{Pidqi — qidpi)), the following map is a graded conjugation of g: 

f{pi,qi) ^ -f{v{Pi),v{qi)) (resp. f{t,pi,qi) H> -f{ip{t),ip{pi),(p{qi)) 

u I) /(p*'9*)66 ^ -f{'p{pi),'p{qi))^i^2 (resp. /(t,Pi,gi)66 ^ - f{'p{t),v{pi),'p{qiMi^2) 

fiPi,qi)(,i^ fMPi),<^iqi))^2 (resp. fit,Pi,qi)Ci^ fiipit),ip{pi),ip{qi))^2) 

f{pi,qi)^2 ^ -f{'p{pi),^{qi))^i (resp. f{t,pi,qi)^2 ^ -f{v{t),v{pi),^{qi))^i)- 

Example 4.6 Let g = 5(1, 2), SH0{3, 3), or SK0{2, 3; 1). Then the algebra of outer derivations 
of g contains sh = {e,h,f), with e = 66^ and h = 6^ + 6^ if g = 5(1,2), e = 66^1; - 

66air - and h = E-=i 64 if = SH0{3, 3), e = 66r and h = l/2(r - xi6 - X26) if 

g = SK0(2, 3; 1). Let us denote by Gout the subgroup of Aut g generated by exp{ad{e)), exp{ad{f)) 
and exp{ad{h)). We recall that Gout C G, where G is the subgroup of Aut g introduced in Remark 
14.41 [6, Remark 2.2, Theorem 4.2]. We shall denote by U- the one parameter group of automorphisms 
exp{ad{tf)), and by Ginn the subgroup of G consisting of inner automorphisms. Finally, H will 
denote the subgroup of Aut g consisting of invertible changes of variables multiplying the volume 
form (resp. the even supersymplectic form) by a constant if g = 5(1,2) (resp. g = SHO{3,3)), or 
the odd supercontact form by a function if g = SK0{2, 3; 1) (see [6, Theorem 4.5]). 

The gradings of type (0|1,1), (0, 0, 0|1, 1, 1) and (0,0|1,1,1) of g = 5(1,2), SHO{3,3) and 
5i^O(2,3; 1), respectively, are short, and the subspaces g^'s are as follows: 

= 5(1,2): 

so = {/ e (i,64N'j' = h2)0¥[[x]],div{f) = 0} 
01 = {/ e (6|:,66|-|^ = h2)(^¥[[x]],dtv{f) = 0}. 

g = SHO{3,3): 

g^i=¥[[xi,X2,xs]]/¥l 
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00 = {/ G (6,6,6) ®F[[xi,X2,:e3]]|A(/) = 0} 

51 = {/ G = 1,2,3) 0F[[xi,X2,X3]]IA(/) = 0}. 

Q = SKO{2,3-iy. 

Q-l = F[[xi,X2]] 

50 = {/ G (6,6,t) 0F[[xi,X2]]Mit;i(/) = 0} 

51 = {/ G (t6,66 1 i = l,2)®¥[[xi,X2]]\dzvi{f) = 0}. 

In all these cases the map s = exp(a(i(e)) exp(a(i(— /)) exp{ad{e)) is a graded conjugation of g: for 
z S 5-1, s(z) = [e,z]; for z € 5i, = — [/, z], for z G 50, s{z) = z. Note that each of the above 
gradings can be extended to Der 5 = g xi a, with a D s/2, so that e has degree 2, /i has degree 0, 
and / has degree —2. 

Lemma 4.7 If Q is one of the following Z-graded Lie superalgehras: 

1. 5'(1,2) with the grading of type (0|1,1), 

2. 5X0(2, 3; 1) with the grading of type (0,0|1,1,1), 

3. SH0{3, 3) with the grading of type (0, 0, 0|1, 1, 1), 

and a is a graded conjugation of g, then a is conjugate to an automorphism of the form s o 
exjp{ad{th)) o ip, for some t G F and some G Ginn such that Lp^ = 1. 

Proof. Let us first assume g = S'(l,2) with the grading of type (0|1,1), or g = 5^^0(2, 3; 1) 
with the grading of type (0, 0|1,1,1). By [6l Remark 4.6], if il) is an automorphism of g lying 
in G, then either V G U-H n G or V G UsH n G. Note that U^H n G = U-{H r\G) and 
U^sH n G = U^s{H n G), since C/_ C G and s G G [6, Theorem 4.2]. Here n G is the 
subgroup of Ant g generated by exp(ad(e)), exp(aci(/i)) and Ginn- Note that Gj„„, C exp(a(i(go)). 
Let G U-{H n G). Then = eicp{ad{t f))'4)Q for some t G F and some ipo £ H n G. For 
a; G gi, we have: 'ip{x) = exp{ad{tf)){^l>o{x)) = ipoi^) + t[f,ipo{x)], since ipo{x) G gi. In particular, 
'>p{x) ^ 5_i. Now let (T be a graded conjugation of g. Then we may assume, up to conjugation, 
that a lies in G. Since a exchanges gi and 5_i, by the observation above a G U-s{H n G), i.e., 
a = exp{ad{tf))sipoipi for some i G F, some G Gi„„ and some po lying in the subgroup generated 
by exp{ad{h)) and exp(a(i(e)). We can assume ipo = exp(ad{l3e)) exp{ad{ah)) for some a, (3 G F, 
i.e., a = exp{ad{tf))sexp{ad{l3e))exp{ad{ah))pi. Since fi{Qi) = Qi and (/9i(g_i) = g_i, for x G 51 
we have: 

a{x) = — exp(Q)[/, pi{x)] = s o exp{ad{ah)) o ipi{x). 

For X G 5-1 we have: 

(4.2) a{x) = exp{-a){[e,pi{x)] + {t - ^)^i{x)). 

Notice that if x G 5_i, then [e,(pi{x)] G 51 and (pi{x) G 6-1. Since (t(5_i) = 51, we have 

(|4.2p = exp(— a)[e, <^i(x)] = s o ex.p{ad{ah)) o 931 (x). 

Therefore a = s o exp{ad{ah)) o ipi. Now notice that s o exp(a(i(a/i)) = exp{ad{—ah)) o s, 
exp{ad{ah)) o cpi = tpi o exp{ad{ah)), and s o cpi = pi o s. It follows that a'^ = s o exp{ad{ah)) o 
(pi o s o exp{ad{ah)) o pi = s o exp{ad{ah)) exp{ad{—ah)) o s o p\ = s^ o ipf, therefore ipl = 1. 
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Now let = SH0{3, 3) with the grading of type (0, 0, 0|1, 1, 1). As in the previous cases, if a is 
a graded conjugation of g, then a G U-s{H n G). Here H CiG is the subgroup of Aut q generated 
by exp(a<i(e)), exp(ad(/i)), exp(ad($)), and Ginn, where ^> = + 
generated by exp(a(i(rEj^j)) with i,j = 1,2,3, i ^ j, and is thus isomorphic to SL3. Note that <I> 
commutes with Ginn and /i. We may hence assume a = exp{ad{tf))s(po(pi, for some t G F, some 
(^1 G and some (^0 lying in the subgroup generated by exp{ad{e)), exp{ad{h)), exp(a(i($)), 

i.e., ifo = exp{ad{'ye)) o exp(a(i(/3<I>)) o exp{ad{ah)), for some a, /3,7 G F. Arguing as for 5(1,2) 
and SKO{2,3; 1), one shows that, in fact, a = s o ex.p{ad{/3^)) o exp{ad{ah)) o ipi. Besides, the 
following commutation relations hold: s o exp{ad{ah)) = exp{ad{—ah)) o s, eyip{ad{ah)) o ipi = (pio 
ex.p{ad{ah)), soipi = ipios, exp(a(i(/3<I>)) o S|g_^ = exp(3/3)s oexp(a(i(/3<I>))|g_-^ , exp(a(i(/3<I>)) os|gj = 
exp(— 3/3)s o exp(a(i(/3<I'))|gj . It follows that, since cr^ = s^,we have: exp(3/3) exp(a(i(/3<I>))^(/3f jg_^ = 
1, exp(— 3/3) exp(a(i(/3<I>))^99f |g^ = 1. Note that Ginn acts on g_i by the standard action of vector 
fields on functions. In particular V = {xi,X2,x^) is stabilized by this action and exp(ad(<I>)) 
acts on V by scalar multiplication by exp(— 1). It follows that if F G SL^ is the matrix of the 
action of ipi on V, then exp(/3)/3F^ = I^, hence exp(3/3) = exp(3/3) det(F)^ = 1. It follows 
that (exp(a(i(/3<I>)) o ipi)^ = 1, moreover, we can assume /3 = 0, since exp(/3)/3 G SL^. Hence 
a = s o exp{ad{ah)) o ipi, for some a G F and some cpi G Ginn such that ifl = 1. □ 

Proposition 4.8 The following is a complete list, up to equivalence, of graded conjugations of all 
simple infinite- dimensional linearly compact Lie superalgehras g; 

a) Q = H{2k,2): a is the automorphism of q defined by j[ ). 

b) Q = K{2k + 1,2).' a is the automorphism of q defined by (^TTp. 

c) 3 = 5(1,2).- s. 

d) Q = S{1,2): a = so ex.p{ad{ah')) o ipo, where exp(2a) = -1, h' = 2x^ + 6^ + ^2^, 
lies in the SL2-subgroup of Ginn, cmd cpQ = —1. 

e) Q = SK0{2,3;1): s. 

f) Q = SKO{2, 3; 1); a = s o exp{ad{ah')), where exp(2Q) = —1 and h' = xi^i + + t. 

g) 5 = SH0{3, 3): a = s o ip with (p G Ginn such that ip^ = 1. 

Proof. By definition of graded conjugation, g is, up to isomorphism, one of the Z-graded Lie 
superalgebras listed in Remark 13.41 Let g = H{2k,2) with the grading of type (0, . . . , 0|1, — 1) 
(see Example 14. 5 1) . and let u be a graded conjugation of g. By Remark 14.41 we can assume that 
(7 G G = ¥^{Sp2k X O2) (61 Theorem 4.2]. Note that G consists of linear changes of variables 
preserving the symplectic form up to multiplication by a non-zero scalar. Since a exchanges g_i 
and gi, and o"^|g_j = —1, we have: (t(^i) = and 17(^2) = for some a G F^, hence, 

up to multiplication by a scalar, we may assume that a = 1. It follows that, for / G F[[pj,q'j]], 
^(/) = ^([6,/6]) = [6,^(/6)] = = / for some / G ¥[[pi,qi]], i.e., (t(/6) = a{f)^i- 

Likewise, a{fCi) = -cr{f)^2, and a{f ^1^2) = o"(/)66- Besides, for f,g e ¥[[pi,qi]] c7([/^i, 5^2]) = 
^(/5+ [/,5]66) = -[^(/)6,^(5)6] = -'^ifMg) + k(/),a(5)]ei6- Hence a{fg) = -a{f)a{g), 
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i.e., —a is an automorphism of F[[p.j,gj]] as an associative algebra. It follows that a is defined as 
follows: 



f{Pi,qi) ^ -f{f{Pi),v{qi)) 

f{pi,qi)^2 ^ -f{^{pi),'p{Qi))ii 



for some linear change of even variables ^p. Since = ^2 and cr(^2) = —^i-, c multiplies the odd 

part d^id^2 of the symplectic form by —1, hence multiplies the even part of the symplectic form 
by —1. Moreover, cr'^{f{pi, Qi)) = f {^"^ {Pi) , ^'^ {qi}) , hence (p^ = 1. This concludes the proof of a). 
The same arguments prove b). In this case, one has ° §i ~ ~'§i ° ■ 

Let fl = SKO{2, 3; /3) with /? 7^ 1 and the grading of type (0, 0|1, 1, 1). By % Theorem 4.2], G 
is generated by exp(ad(r + xi^i + X2^2)) and Gj„„. Note that Ginn is contained in exp(a(i(0o))) 
hence no automorphism of g exchanges gi and g_i. It follows that g has no graded conjugations. 

Let g = 5'(1,2) and let a be a graded conjugation of g. Then, by Lemma 14.71 a = so 
exp{ad{th)) o 93 for some t G F and some p £ Ginn such that 93^ = 1. The group Ginn is gen- 
erated by exp{ad{h')), exp(od(^i^)), exp(ad(^2^)) and exp{ad{^i-^ — ^2-^)), hence we may 
write ip = exp{ad{ah'))ipQ for some q S F and some (po in the S'L2-subgroup of Ginn generated 
by exp(ad(^i^)), exp(ad(6^)) and exp(a(i(^i^ - 6^))- Note that (p{-^) = exp(-2a)^, 
therefore exp(2Q) = ±1 since (p'^ = 1. Besides, if z G g_i = (^i^) iX) F[[x]], then p'^{z) = 
exp(— 2a)(/9Q(z), therefore either 

i) exp(2Q) = 1 and y'ofg,-^ = 1; 

or 

a) exp(2a) = —1 and po'^^ ^ = —1. 
In case i) we have V'o|g_i = ili since po G SL2. Then Po\qq = 1 since (po acts on go via the adjoint 
action. It follows that (T|gQ = 1, since a = s o exp(a(i(t/i)) o ex.p{ad{ah'))po, exp{ad{ah'))\gg = 1 
since exp(2a) = 1, exp{ad{th))^gg = 1 and s^^^ = 1. By Remark 12.41 and the classification of 3-Lie 
algebras obtained in [9], we conclude that a is conjugate to s. 

In case ii) po corresponds to a 2 x 2 matrix of the form f ^ ^1 such that + be = — 1. 

\c -a J 

The corresponding element a = s o exp{ad{th)) o ex.p{ad{ah'))po acts on g_i as follows: 

d d d d d 

x"— ^ exp(2ra) exp(-t - a){-arx''~'^ ^1^2^ - brx''~^CiC2^ + aa;''^^ bx^'Ci^)] 

ot,i 0^1 ot,2 ox ox 

d d d d d 

x''— ^ exp(2ra) exp(-t - a){-crx''~^ixi2^ + arx'''^ixi2^ + cx''i2-^ + ax'",^!— ). 
ot,2 ot,i 0^2 ox ox 

It follows that, up to rescaling, we may assume that t = hence getting d). 

In order to classify the graded conjugations of g = SKO{2, 3; 1) we argue in a similar way as for 
S{1, 2). Namely, let a be such a map, then, by Lemma HTFl a = s o eKp{ad{th)) o p for some t €¥ 
and some p € Ginn such that p'^ = 1. The group Ginn is generated by exp{ad{h')), exp{ad{xi^2)), 
exp(a(i(x2Ci)) and exp(a(i(xi^i— X2C2)), hence we may write p = exp{ad{ah'))po for some a G F and 
some Po in the 5-L2-subgroup of Ginn generated by exp(ad(xi^2)), exp(a(i(x2Ci)) and exp{ad{xiS,i — 
X2C2))- Note that this 5'L2-subgroup acts on g_i = F[[xi, X2]] via the standard action of vector fields 
on functions, and stabilizes the subspaces of F[[xi,X2]] consisting of homogeneous polynomials of 
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fixed degree. We have: ^p{l) = exp{ad{ah')){l) = exp(— 2a), therefore, since 99^ = 1, either 
exp(2a) = 1 or exp(2a) = —1. If exp(2a) = 1, then, for / € 0_i, ^{f) = ^o{f)] if exp(2a) = — 1, 
then, for / G ip{f) = -ipo{f-), where f~{xi,X2) = f{-xi,-X2). It follows that V>o\g_^ = 1- 
In particular, if F = {xi,X2), then (/Jo|y = il, i-e., fo = exp(ad(^(xi^i — 2:2^2)) with A £¥ such 
that exp{A) = ±1. It follows that a = s o exp(ad(i/i)) o exp{ad{ah')) ex.p{ad{A{xiS,i — X2C2)), for 
some t,a, A £ ¥ such that exp(2a) = ±1, exp(^) = ±1. We now consider the restriction of a to 
00- We have: a^^^ = exp(ad(a/i')) exp(a(i(A(xi^i — X2'^2))|go5 since S|gg = 1 and exp(a(i(t/i))|gg = 1. 
It is then easy to check that either 

i) exp(2a) exp(74) = 1 and a^^^ = 1; 

or 

a) exp(2a) exp(A) = —1. 

In case i), by Remark 12.41 and the classification of 3-Lie algebras obtained in [9J, a is conjugate to 
s. In case ii), a = s o exp{ad{th)) o exp(ad{ah')) exp(ad(A(xi^i — X2^2)) acts on 0_i = F[[xi, X2]] 
as follows: 

f ^ - exp(-t)s(/"), if exp(^) = 1, exp(-2a) = -1; 

/ H> exp(-t)s(/~), if exp(74) = -l,exp(-2a) = 1. 

Therefore, changing the sign if necessary, we may assume that we are in the first case and in this 
case we may assume, up to rescaling, that A = = t, hence getting /). 

Let = SHO{3,3) with the grading of type (0, 0, 0|1, 1, 1). Then, by Lemma [4.71 a = s o 
exp{ad{th)) o ip for some ip G Gmn such that c/?^ = 1, and some t € F. For a € 0-i, we have: 

a{a) = s{exp{ad(th)){ip(a)) = exp{—t)s{ip(a)) = exp(— t)[e, (/9(a)], 

since (p{a) £ 0_i. Up to rescaling, we can thus assume that t = 0, hence getting g). Note that in 
this case = SL3. □ 

Remark 4.9 It was proved in [9] that there are no simple linearly compact N = 8 3-superalgebras, 
which are not 3-algebras. On the contrary, there are many simple linearly compact = 6 3- 
superalgebras beyond 3-algebras. We are planning to classify them in a subsequent publication. 

5 = 5 3-algebras 

Based on the discussion in [2J, the following seems to be a right definition of an = 5 3-algebra. 

Definition 5.1 An N = 5 3-algebra is a 3-algebra whose 3-bracket [•, •, •] satisfies the following 
axioms: 

(a) [u, V, w] = [v, u, w] 

(b) [u,v, [x,y,z]] = [[u,v,x],y,z] + [x, [u,v,y],z] + [x,y, [u,v,z]] 

(c) [u, V, w] + [v, w, u] + [w, u, v] = 0. 

The following example is inspired by [13]: we just replace Z/2Z-graded Lie algebras by Lie 
super algebras. 
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Example 5.2 Let g be a Lie superalgebra. Define, for a,b,c & V := Hgj, [a, b, c] = [[a, b],c\. Then 
V with tliis 3-bracket is an = 5 3-algebra. Indeed, (a) follows from the skew-commutativity of 
the (super) bracket, and (6) and (c) from the (super) Jacobi identity. 

Conversely, any N = 5 3-algebra can be constructed in this way. Namely, let (A^, [•,-,•]) be 
an = 5 3-algebra. Set 9i{N) = UN and let 9q{N) be the subalgebra of the Lie superalgebra 
End{N) spanned by elements La^b, with a,b G N, defined by: 

La,b{c) = [a,b,c]. 

Note that, by property (a) of Definition EH ia,fe = ^fe,a- Moreover, [La,b,Lc,d\ = ^[a,f>,c],d + ^[a,b,d],c- 
Let q{N) = QoiN) + 0i(iV) with [La,b,c\ = La,b{c) = -[c,La,b], and [a,b] = La,b, for a,b,c G 
Ql{N). Then q{N) is a Lie superalgebra. Indeed, the skew-commutativity of the bracket follows 
immediately from the construction. Besides, the (super) Jacobi identity for q{N) can be proved as 
follows: for a, b, c,d,x S flj ( A^) , 

[[La,b, Lc,d],x] = L[a,b,c],d{^) + L[a,b,d],c{^) = [[«' b, c],d, x] + [[a, b, d], c, x] 

= [a, b, [c, d, x]] - [c, d, [a, b, x]] = [Lc,d, x]] - [L^^, [La^b, x]], 

where we used property (6) of Definition 15.11 besides, 

[[La,b,c],d] = [[a,b,c],d] = L[a,b,c],d = [La,b,Lc4] - Lc^[a,b,d] = [La,b, [c,d]] - [c, [La,b,d]]. 

Finally, [[a,b],c] = [La^^c] = [a,b,c] = -[b,c,a] - [a,c,b] = [a, [b,c]] + [b, [a,c]], by property (c) of 
Definition 15.11 

A skew-symmetric bilinear form (., .) on a finite-dimensional N = 5 3-algebra is called invariant 
if the 4-linear form {[a,b,c],d) on it is invariant under permutations (ab), (cd) and {ac){bd) (which 
generate a dihedral group of order 8). 

It is easy to see that if 3 is a finite-dimensional Lie superalgebra, then the restriction of any 
invariant supersymmetric bilinear form (., .) on g to gj defines on the A^ = 5 3-algebra V = Ilgj 
an invariant bilinear form. If, in addition, g is a simple Lie superalgebra and the bilinear form is 
non-degenerate, then g is isomorphic to one of Lie superalgebras psl{m,n), osp{m,n), D{2, 1;q), 
F(4), G{3), or H(2k) [11]. All examples of the corresponding A^ = 5 3-algebras appear in [2], 
except for g = H{2k). In the latter case the corresponding A^ = 5 3-algebra is the subspace of 
odd elements of the Grassmann algebra in 2k indeterminates with reversed parity, endowed with 
the following 3-bracket: [a,6, c] = {{a, 6},c}, where {a, 6} = Yli the invariant bilinear form 

being (a, 6) = coefficient of ii...£,2k in a^*! where b* is the Hodge dual of b. 

We show, in conclusion, how to associate an A^ = 5 3-algebra to an A^ = 6 3-algebra. Let 
(L, [•, •, -Je) be an A^ = 6 3-algebra. Let T = L + L', where L' = {ipx, x G L), (pxiy, z) = — [y, x, z]^. 
Let fj : T — )• T be defined by: cr{z) = —ipz, (7{(pz) = z (cf. Remark 12. 4p . Then = —1. Now define 
on T the following 3-bracket (a, b,c gT): 

[a, b, cjs = if a, 6 € L or a, 6 € L'; 

[a,6, c]5 = [6, a,c]5 = [a,a{b),c]6 = [[a,b],c] if a G L,6 G L' . 
Then (T, [•,-,•] 5) is an A^ = 5 3-algebra. 
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Classification of linearly compact simple N=6 3-algebras 



NiCOLETTA CaNTARINI* VICTOR G. KAC** 



Abstract 

N < 8 3-algebras have recently appeared in A^-supersymmetric 3-dimensional Chern-Simons 
gauge theories. In our previous paper we classified linearly compact simple N = 8 n-algebras 
for any n > 3. In the present paper we classify linearly compact simple N = 6 3-algebras, using 
their correspondence with simple linearly compact Lie superalgebras with a consistent short 
Z-grading, endowed with a graded conjugation. We also briefly discuss N = 5 3-algebras. 

Introduction 

In recent papers on N-super symmetric 3-dimensional Chern-Simons gauge theories various types of 
3-algebras have naturally appeared (see [12], [3], [Ij, [1], [2], ...). 

Recall that a 3-algebra (also called a triple system [T3]) is a vector space V with a ternary (or 
3-)bracket F®^ V , a b ^ c [a,b,c]. 

The 3-algebras that appear in supersymmetric 3-dimensional Chern-Simons theories satisfy 
certain symmetry conditions and a Jacobi-like identity, usually called the fundamental identity 
(very much like the Lie algebra bracket). 

The simplest among them are 3-Lie algebras, for which the symmetry condition is the total 
anti-commutativity: 

(0.1) [a,b,c] = -[b,a,c] = -[a,c,b], 

and the fundamental identity is: 

(0.2) [o, b,[x,y,z]] = [[a,b,x],y,z] + [x, [a, b,y], z] + [x,y, [a, b, z]] . 

(Of course, identity (0.2) simply says that for each a,b £ V, the endomorphism Da.b{x) = [a, a;] 
is a derivation of the 3-algebra V , very much like the Jacobi identity for Lie algebras; in fact, this 
identity appears already in [13].) 

The notion of a 3-Lie algebra generalizes to that of an n-Lie algebra for an arbitrary integer n > 2 
in the obvious way. In this form they were introduced by Filippov in 1985 [lOj. It was subsequently 
proved in Ling's thesis [17] that for each n > 3 there is only one simple finite-dimensional n-Lie 
algebra over an algebraically closed field of characteristic 0, by an analysis of the linear Lie algebra 
spanned by the derivations Da^h (for n = 3 this fact was independently proved in [llj ) . This unique 
simple n-Lie algebra is the vector product n-algebra O" in an n -|- 1-dimensional vector space |10j . 
|17j . Recall that, endowing an n -|- 1-dimensional vector space V with a non-degenerate symmetric 
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bilinear form (•, •) and choosing a basis {aj} and the dual basis {a*}, so that {ai,a^) = 5ij, the 
vector product of n vectors from the basis {aj} is defined by: 

(0.3) K,...,a^J =ei,...,i„+ia^"+i, 

where ej^^...^j^^^ is a non-zero totally antisymmetric tensor, and extended by n-linearity. 

In [9] we extended this classification to linearly compact re-Lie algebras. Recall that a linearly 
compact n-algebra is a topological re-algebra (i.e., the n-product is continuous) whose underlying 
topological vector space is linearly compact. The basic examples of linearly compact spaces over 
a field F are the spaces of formal power series F[[xi, . . . endowed with formal topology, or a 

direct sum of a finite number of such spaces (these include finite-dimensional vector spaces with 
discrete topology). Our result is that a complete list of simple linearly compact n-Lie algebras 
over an algebraically closed field F of characteristic for n > 2 consists of four n-algebras: the 
re + 1-dimensional O" and three infinite-dimensional, which we denoted by 5", W^, SW^ (see [9] 
for their construction). 

Our method consists in associating to an re-Lie algebra q a Lie superalgebra L = ^^Z^i Lj with 
a consistent Z-grading, such that L_i = Uq (i.e., the vector space g with odd parity), satisfying 
the following properties: 



(0.4) [a, = , a G Lj , j > , imply a = (transitivity) ; 

(0.5) dimL„_i = 1 unless all n-brackets are 0; 
(0.6) [L„L_i] = L,_i for all j ; 

(0.7) [Lj,Ln-j-i]=0 for all j. 



Provided that re > 2, the Lie superalgebra [L,L] = ©"r^^Lj is simple, hence the classification 
of simple linearly compact n-Lie algebras is thereby reduced to the known classification of simple 
linearly compact Lie superalgebras [HI, [16] and their consistent Z-gradings [T5], [5]. 

Note that, given a consistently Z-graded Lie superalgebra L = 0"r^i Lj, satisfying ()0.4p - (l0.7p . 
we can recover the re-bracket on g = IlL^i by choosing a non-zero fi G L„_i and letting: 

[ai, . . . ,a„] = [. . . . . . , a„] . 

The 3-Lie algebras appear in = 8 supersymmetric 3-dimensional Chern-Simons theories, 
hence it is natural to call them the N = 8 3-algebras. The next in the hierarchy of 3- algebras are 
those which appear in = 6 supersymmetric 3-dimensional Chern-Simons theories (case N = 7 
reduces to = 8), which we shall call = 6 3-algebras. They are defined by the following axioms: 

[a,b,c] = -[c,b,a]; 
[a, b,[x,y,z]] = [[a, b, x] ,y,z]-[x, [b, a,y], z] + [x,y, [a, b,z]]. 

Note that any A^ = 8 3-algebra is also an A^ = 6 3-algebra. (It is unclear how to define A^ = 6 
re-algebras for re > 3.) 

The main goal of the present paper is the classification of simple linearly compact A^ = 6 3- 
algebras over C. The method again consists of associating to an A^ = 6 3-algebra a Z-graded Lie 
superalgebra, but in a different way (our construction in [9] uses total anti-commutativity in an 
essential way). 
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Given an = 6 3-algebra g, following Palmkvist [P], we associate to g a pair (L = L_i © 
Lq © Li ,ip), where L is a consistently Z-graded Lie superalgebra with L_i = Ilg and tp is its 
automorphism, such that the following properties hold: 

(0.8) transitivity ; 

(0.9) [L_i,Li] = Lo; 

(0.10) ifiLj) = L^j and ip^{a) = (-1)^ if a G Lj . 

An automorphism ip of the Z-graded Lie superalgebra L, satisfying (jO.lOp . is called a graded con- 
jugation. 

It is easy to see that g is a simple = 6 3-algebra if and only if the associated Lie super 
algebra L is simple. Thus, this construction reduces the classification of simple linearly compact 

= 6 3-algebras to the classification of consistent Z-gradings of simple linearly compact Lie 
superalgebras of the form L = L_i (B Lq (B Li (then (10. 8p and (10. 9p automatically hold), and their 
graded conjugations (p. The 3-bracket on g = nL_i is recovered by letting [a, 6, c] = [[a, (^(6)], c]. 

The resulting classification of = 6 3-algebras is given by Theorem 1.11, and its proof is given 
in Sections 2,3, and 4. In Section 5, based on the discussion in [2j, we propose a definition and 
obtain a classification of N = 5 3-algebras, and give a construction of a reduction from A^ = 6 
3-algebras to N = 5 3-algebras. 

The base field is an algebraically closed field F of characteristic zero. 



1 Examples of N = 6 3-algebras 

Definition 1.1 An N = 6 3-algebra is a 3-algebra whose 3-bracket [•,-,•] satisfies the following 
axioms: 

(a) [u,v,w] = —[w,v,u] 

{b) [u,v,[x,y,z]] = [[u,v,x],y,z] - [x,[v,u,y],z] -^[x,y,[u,v,z]] 
Example 1.2 Every 3-Lie algebra is an A^ = 6 3-algebra. 

Example 1.3 Let A be an associative algebra and let * be an anti-involution of A, i.e., for every 
a € yl, (a*)* = a and for every a,b A, {ab)* = b*a*. Then A with 3-bracket 

(1.1) [a,b,c] = ab*c — cb*a 

is an A^ = 6 3-algebra. For instance, if ^ = M„(F) and * is the transposition map * : a i— )• a*, then 
the corresponding 3-bracket (II. ip defines on ^ an A^ = 6 3-algebra structure. Likewise, if n = 2/c 
and * is the symplectic involution 

* : a I— )• J2kO^ 1 

with = ( if I ' then (jl.ip defines on M„(F) an A^ = 6 3-algebra structure. If n = 2, this 

V J 

is in fact a 3-Lie algebra structure. 

More generally, consider the vector space Mm^„(F) of m x n matrices with entries in F, and let 
* : Mm,n(F) — )• M„^m(F) be a map satisfying the following property: for v,u,y £ Mm^„(F), 

(1.2) {vu*y)* = y*uv*. 
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Then Mm,n(^) with the 3-bracket (jl.ip is an = 6 3-algebra. (Note that if m = n, then property 
()1.2p imphes that * is an anti- involution) . As an example we can take * = *; we denote this 
3-algebra by A^{m,n;t). Likewise, if m = 2/i and n = 2k, it is easy to check that the map 
St : M^,„(F) ^ Mn,mi^), given by 

(1.3) st : ai-?- J2ka^J2hi 

satisfies property ()1.2p . hence M„i,n(^) with the corresponding 3-bracket (jl.ip is an = 6 3- 
algebra, which we denote by A^{m, n; st). It is easy to see that the 3-algebra A^{2, 2; st) is actually 
an N=8 3-algebra, isomorphic to O^. 

Lemma 1.4 faj Lei * : Mm,n{^) M„,„(F) 6e defined by: b* = k'^b^h for some symmetric 
matrices h E GLm(F) and k G GL„(F), iften i/ie corresponding 3-bracket (EiP isomorphic 
to the one associated to transposition. 

(b) Let ^ : M2h,2k(^) Ml2k,2h{^) be defined by: = H2kO^H2^ for some skew- symmetric 
matrices H2i G GL2j(F), then the corresponding ^-bracket M.l\) is isomorphic to the one 
associated to map 

Proof, (a) First of all notice that every symmetric matrix A G GL„(F) can be written as the 
product B^B where B G GL„(F) and B^ is its transpose. Hence let h = x^x G GLm(¥) and 
k = y^y G GL„(F) and consider the map 99 : Mm^„(F) — > Mm,n(IF') defined by ip{u) = x~^uy. For 
a,b,c £ Mm,n(F), let [a, 6, c] = a6*c — c6*a and [a, b, c]* = ab*c — cb*a. Then we have: ip{[a, b,c]) = 
(p{ab^c — cb^a) = x~^ab^cy — x^^cb^ay = {x~^ay){y~^b^x)(x~^cy) — {x~^cy){y~^b^x){x~^ay) = 
ip{a)y-^{y-^y{ip(b)yx*xip{c)-ip{c)y~^{y-~^Y{ip{b)Yx^xip{a) = ip{a)k-^{ip{b)Yhiplc)-ip{c)k-^{ip{b)Y 
h(p{a) = [99(a), 99(6), 93(0)]* , and this shows that the 3-brackets [, ,] and [, ,]* are isomorphic. 

(6) Now let H2k = B^^J2kB and H2h = A~^J2hA for some matrices A G GL2k and B G GL2/1 
such that B-^ = B\ A'^ = AK For a, 6, c G M2h,2k{^)-, let [a,6,c]* = a6*c - c6*a with 
h* = J2kb^J2h- Let (/? : M2h,2k{^) ^ Af2/i,2fc(IF) be defined by ip{x) = A'^xB. Then we 
have: ip{[a,b,c]*) = ip[ab* c - cb* a) = A-^ab*cB - A-^cb*aB = {A-^aB){B-^b*A){A-^cB) - 
{A'^cB){B-^*A){A-^aB) = ^{a)B-^ J2kb^ J-^ Aip{c) - ip{c)B-^J2kb^J-,^Aip{a) = (p{a)H2kBVA 
H~^'v{c)-^{c)H2kB'b'AH-^'ip{a)=^{a){H2k^{bYH-f^Mcy^^ = Ma),ip{b), 

if{c)]'^, and this shows that the 3-brackets [, ,]* and [, ,]"*" are isomorphic. □ 

Example 1.5 Let us consider the map V' : Mi,2n(F) M2„,i(F), defined by: il^iX Y) = {Y -XY, 
for X, y G Mi^n- Then Mi.2n with 3-bracket 

(1.4) [A, B, C] = -AB^C + CB^A - Cip{A)iP{BY 
is an = 6 3-algebra, which we denote by C^(2n). 

The N=6 3-algebras A^{m,n;t) and (7^(2n) were introduced in [2]. 

Lemma 1.6 Let [•, •, -J^, be the ^-bracket on Mi^2n defined by [a, 6, c]* = —a{kh''a^'^)c+c{kb^a^'^)a — 
CTp{a)a{ip{b)Yk~^ for some a G F^ and some symmetric matrix k G Sp2n(^)- Then [•,-,•]* is 
isomorphic to ^1.4\ )- 
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Proof. It is convenient to identify Mi 2n with the set of matrices of the form ( ^ ) G M2 2n , 



ni 



with £, m G Mi^„. Under this identification, for Z G Mi^2n(^), = J2nZ^J2^- Note that we can 

write k = yy^ for some matrix y G Sp2ni^) 0, and, for ^ ^ ^ G GL2(F), /i = xx^ for some 

X G GL2(F). Consider the map ip : Mi^2n(F) ^ Mi^2n(F) defined by: = xuy~^ and let [•, •, •] be 
the 3-bracket (jl.4p . Then we have: 99([a, 6, c]) = —{xay~^)yl/x~^{xcy~^) + {xcy~^)yb^x~^{xay~^) — 
{xcy~^)yip{a)ip{bYy~^ = —ip{a)yb^x'^ip{c) + ip{c)yb'^x~^(p{a) — ip{c)y'tp{a){ip{b)Yy^^ = —ip{a)kip{bY 
h'^ip{c)+ip{c)k(p{bYh~^(p{a)-(p{c)ip{ip{a))h'ip{ip{b)Yk'^ = [99(a), 99(6), ip{c%, since yilj{a){ip{b)Yy^^ 
= 'ilj{ip{a))hip{ip{b)Yk~^ . Indeed we have: 'ilj{(p{a))hi{;{ip{b)Yk~^ = J2n{xay~^Y '^2^ ^^'^ {J2n{xb 
y-^YJ2^)\y'r^y-^ = J2n{y-'Y/x'J^^xx'j2xby-^J^^\y')-^y-' = yJ2n a'bJ^^y-' = yiP{a)iP{bY 
y~^ since y^J2ny = J2n and x^ J2^hJ2X = l2- □ 

Example 1.7 Let P be a generahsed Poisson algebra with bracket {., .} and derivation D (see 
[7] for the definition). Let a be a Lie algebra automorphism of P such that —a is an associative 
algebra automorphism, = 1 and a o D = —D o a. Then P with the 3-bracket: 

(1.5) [/, g, h] = {/, a{g)}h + {/, h}a{g) + f{a{g), h} + D{f)a{g)h - fa{g)D{h), 

is an = 6 3-algebra. 

For example, consider the generalised Poisson algebra P{m, 0) in the (even) indeterminates 
pi, . . . ,Pk, qi, . . . , Qk (resp. pi, . . . ,pk, qi, ■ ■ ■ , qk,t) \i m = 2k (resp. m = 2fc + 1) endowed with the 
bracket: 

_.K/,|-f,.-.„.,.|:(f I -1^,, 

where E = ^\=i{Pi-^ + Qi'^) (the first two terms in (jl.6p vanish if m is even) and the derivation 
D = 2^ (which is if m is even). Then the map fi^ : f{pi,qi) —fi'-PiPi),fiqi)) (resp. : 
f{t,pi, qi) I-)- —f{ip{t), (p(pi), ^{qi)), where (f is an involutive linear change of variables (i.e. 99^ = 1), 
multiplying by —1 the 1-form YliiPidqi — qidpi) if m is even (resp. dt + YliiPidqi — qidpi) if m is 
odd), satisfies the conditions described above, hence the corresponding 3-bracket (|1.5|) defines on 
P{m, 0) an = 6 3-algebra structure. We denote this 3-algebra by P^{m; (p). 

Example 1.8 Let A = F[[x]]<i> ©F[[x]]<2) be the direct sum of two copies of the algebra F[[x]]; for 
/ G F[[x]], denote by /^*^ the corresponding element in F[[x]]^*^ Set D = d/dx and let a = (aij) G 
-^2,2 (F). We define the following 3-bracket on A = 1 or 2): 

= (-l)X,-((/Z)(/i)-Z)(/)%(v9(x)))« for j/i; 

[/«,5<^-),/i«] = (-l)*a,-,((/D(/i)-Z)(/)%((/.(x)))« for j/i; 
[f'^'\g'^^\h<^^^ = a,i{ifD{g{^ix))) - D{f)g{^ix)))hY'^) + aj2ifih^^^^ 



^As E. Vinberg explained to us, if a is an anti-involution of a connected reductive group G and S denotes its 
fixed point set in G, then, by a well-known argument of Cartan, any element k £ S can be represented in the form 
k = ya{y) for some y £ G, provided that S is connected. 
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and extend it to A by skew-symmetry in the first and third entries. If a G SL2(¥) and either 
= — 1 and 99 = — 1, or = 1 and if = 1, then {A, [•,-,•]) is an = 6 3-algebra, which we denote 
by SW^{a). Note that if = 1, i.e., up to rescahng, a = 1, and f = 1, then we get the = 8 
3-algebra SW^ [9j. 

Example 1.9 Let A = ¥[[xi,X2]] and Di = for i = 1,2. We consider the following 3-bracket: 

(1.7) [f,g,h] =det{ Diif) D^g)) D^{h) 

\ D2U) D2{v{g)) D2{h) I 

where is an automorphism of the algebra A. If 99 is a linear change of variables with determinant 
equal to 1, and 99^ = 1, then A with 3-bracket p.7|) is an = 6 3-algebra, which we denote by 
S^{ip). Note that if = 1, then we get the iV = 8 3-algebra 5^ [9]. Clearly, all 3-algebras S^{ip) 
with 99 ^ 1 are isomorphic to each other. 

Example 1.10 Let A = F[[xi, X2, X3]] and Di = for i = 1, 2, 3. Consider the following 3-bracket 
on A: 

I D,{f) D,{^{g)) D,{h) \ 

(1.8) [f,g,h] =det[ D2U) D2{^{g)) D2{h) 

\ D^if) D;{^{g)) D^{h) I 

where 99 is an automorphism of the algebra A. If 99 is a linear change of variables with determinant 
equal to 1, and 99^ = 1, then A with product ()1.8p is an = 6 3-algebra, which we denote by 
W^{lp). Note that if 99 = 1, then we get the A^ = 8 3-algebra [9]. Clearly, all 3-algebras ^^^(99) 
with 99 ^ 1 are isomorphic to each other. 

One can check directly that the above examples are indeed A^ = 6 3-algebras. However a 
proof of this without any computations will follow from the connection of A^ = 6 3-algebras to Lie 
super algebras, discussed below. The main result of the paper is the following theorem. 

Theorem 1.11 The following is a complete list of simple linearly compact N = 6 3-algebras over 
C: 

(a) finite-dimensional: A^(m,n; t), A^{2m,2n;st), C'^{2n) (m,n > I); 
(h) infinite- dimensional: P^{m;ip) (m > I), SW^{a), S^{ip), ^^^(99). 

Proof. Theorem 12.31 from Section 2 reduces the classification in question to that of the pairs 
(L, o"), where L = L_i © Lq ® -Li is a simple linearly compact Lie superalgebra with a consistent 
Z-grading and cr is a graded conjugation of L. A complete list of possible such L = L_i © Lq ® -Li 
is given by Remarks 13.21 and 13.41 from Section O Finally, a complete list of graded conjugations of 
these L is given by Propositions 14.31 and 14.81 from Section 4. 

By Theorem l2.3f 6). the N = 6 3-algebra is identified with IIL^i, on which the 3-bracket is given 
by the formula [a, c] = [[a, (t(6)], c]. This formula, applied to the Z-graded Lie superalgebras L 
with graded conjugations, described by Proposition 14.31 (a), (b). (c) in the finite-dimensional case 
produces the 3-algebras A'^{m,n;t), A^{2m,2n; st), C^(2n), respectively, and those, described by 
Proposition I4.8f a) and (6), (c) and (d), (e) and (/), (g) in the infinite-dimensional case produces 
the 3-algebras P^{m; 99), SW^{a), S^{ip), 1^^(99), respectively. The fact that all of them are indeed 
A'^ = 6 3-algebras follows automatically from Theorem 12. 3r 6). □ 
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2 Palmkvist's construction 



Definition 2.1 Let g = (Bj^zQj be a Lie superalgebra with a consistent Z-grading. A graded 
conjugation of q is a Lie superalgebra automorphism ip : q ^ q such that 

1- viSj) = Q-j 

2. if'^ix) = {-!)'' X for X e Qk- 

Theorem 2.2 Let g = (Bj>-iQj be a "L-graded consistent Lie superalgebra with a graded conjugation 
ip. Then the 3-bracket 

[u,v,w] := [[u,ip{v)],w] 
defines on Hq-i an N = 6 3-algebra structure. 

Proof. Since the grading of g is consistent, and gi are completely odd and go is even. 

For u,v,w G g_i we thus have: := [[u, w] = [n, [(/^(t;), it)]] = — [[(/^(f ), tf], n] = 

— [[w, (/^(t;)], u] = —[w,v,u], which proves property (a) in Definition II. 1[ 

Besides, for u, v, x,y,z £ g_i we have: [u, v, [x, y, z]] — [x, y, [u, v, z]] = [[u, (p{v)], [[x, ^p{y)], z]] — 
[[x,f{y)],[[u,f{v)],z]] = [[u,ip{v)],[x,ip{y)]],z] +[[x,ip{y)],[[u,ip{v)],z]] - [[x,ip{y)],[[u,(p{v)], z]] = 
[[u,ip{v)], [x,ip{y)]],z] = [[[u,ip{v)],x],ip{y)],z] + [[[x,[[u,ip{v)],ip{y)]], z] = [[[u,ip{v)],x],ip{y)], z] - 
[[[x,ip{[[ip{u),v],y])],z] = [[[u,v,x],y,z] -[x,[v,u,y],z] □ 

We shall now associate to an = 6 3-algebra T with 3-bracket [•,-,•], a Z-graded Lie superalge- 
bra LieT = Lic-iT (B LicqT (B LieiT , as follows. For x,y (zT, denote by L^^y the endomorphism of 
T defined by Lx^y{z) = [x, y, z]. Besides, for x € T, denote by (px the map in Hom{UT ® IIT, lYT) 
defined by (px{y-, z) = — [y, x, z\. Here, as usual, lYT denotes the vector space T with odd parity. 

We let Lic-iT = IIT, Lie^T = {Lx^y \ x,y £ T), LieiT = {ipx \ x G T), and let LieT = 
Lic-iT © LicqT © LieiT. Define the map a : LieT — > LieT by (x, y, z £ T): 

Z I— >■ —^zi '-Pz ^ Z, Lx^y I— > —Ly^x- 



Theorem 2.3 (a) LieT is a Z-graded Lie superalgebra with a short consistent grading, satisfying 
the following two properties: 

(i) any non-zero "L-graded ideal of LieT has a non-zero intersection with both Lic-iT and 
LieiT; 

(a) [Lic-iT, LieiT] = LieoT. 

(b) a is a graded conjugation of the Tj-graded Lie superalgebra LieT and the 3-product on T is 
recovered from the bracket on LieT by the formula [x,y,z] = [[x, a{y)], z]. 

(c) The correspondence T — > (LieT, a) is bijective and functorial between N = 6 3-algebras 
and the pairs {LieT, a), where LieT is a Z-graded Lie superalgebra with a short consistent grading, 
satisfying properties (i) and (ii), and a is a graded conjugation of LieT . 

(d) A 3-algebra T is simple (resp. finite- dimensional or linearly compact) if and only if LieT 

is. 
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Proof. For x,y,z € T, we have: = —L^^x, and 

Note that [Lx,y,ipz] = -^iy,x,z]- Finally, [[ipx,(py], z] = [ipx,[(py, z]] + [(py,[ipx, z]] = -[(px,Lz,y] - 

VPy, Lz,x] = [Lz,y, ^x] + [Lz,x, ^y] = -V>[y,z,x] " ^[x,z,y] = 0- HeilCe [(fx, (fy] = 0. 

It follows that LieT is indeed a Z-graded Lie superalgebra, satisfying (ii) and such that any 
non-zero ideal has a non-zero intersection with Lie-iT. It is straightforward to check (6), hence 
any non-zero ideal of LieT has a non-zero intersection with LieiT, which completes the proof of 
(a). 

(c) is clear by construction. Since the simplicity of T, by definition, means that all operators 
Lx^y have no common non-trivial invariant subspace in T, it follows that T is a simple 3-algebra if 
and only if Lie^T acts irreducibly on Lic-iT. Hence, by the properties (i) and (ii) of LieT, T is 
simple if and only if LieT is simple. The rest of (d) is clear as well. □ 

Remark 2.4 o"|j;^jeoT = 1 if an only if T is a 3-Lie algebra. 

3 Short gradings and graded conjugations 

In this section we shall classify all short gradings of all simple linearly compact Lie superalgebras. 
We shall describe the short gradings of the classical Lie superalgebras 0,0 7^ Qi^), P{n), in terms of 
linear functions / on the set of roots of 0. For the description of the root systems of the classical Lie 
superalgebras, we shall refer to [15]. As for the Lie superalgebra Q{n), we will denote by ej and fi 
the standard Chevalley generators of Q(n)o, and by Cj and fi the corresponding elements in Q(n)i. 
Besides, we will identify P{n) with the subalgebra of the Lie superalgebra SHO{n,n) spanned by 
the following elements: {xiXj,^i£,j : i,j = 1, . . . ,n; Xi^j : i ^ j = 1, . . . ,n; Xi^i - Xj+i^j+i : i = 
1, . . . ,n — 1} (cf. [H §8], and thus describe the Z-gradings of P{n) as induced by the Z-gradings 
of SHO{n,n). Recall that the Lie superalgebra W{0,n) is simple for n > 2, and for n = 2 it is 
isomorphic to the classical Lie superalgebra osp{2,2) [T3]. Moreover the Lie superalgebra H{0,n) 
is simple for n > 4, and for n = 4 it is isomorphic to psl{2,2). Hence, when dealing with W{0,n) 
(resp. H{0,n)) we shall always assume n > 3 (resp. n > 5). Likewise, since W{1, 1) = K{1,2) and 
5(2,1) = S'/^O(2,3;0) O §0], when dealing with W{m,n) and S{m,n) we shall always assume 
{m,n) 7^ (1,1) and {m,n) ^ (2,1), respectively. 

Proposition 3.1 ^ complete list of simple finite- dimensional Z-graded Lie superalgebras with a 
short grading Q = 0-i00o©0i such that Q^i and Qi have the same dimension, is, up to isomorphism, 
as follows: 

1. Ami Bmi Cm-, Dm-, E&i Ej with the Z-gradings, defined for each s such that Us = 1 by f{as) = 

1. f{ai) = for all i ^ s, where ai, . . . , am are simple roots and - aiUi is the highest root; 

2. psl{m,n) with the Z-gradings defined by: /(ei) = • • • = /(e^) = 1, /(e^+i) = • • • = f{em) = 0, 
f{Si) = ■■■ = f{5h) = 1, f{5h+i) = ■■■ = f{5n) = 0, for each k = l,...,m. and h = l,...,n; 

3. osp{2m + l,2n) with the Z-grading defined by: /(ei) = 1, /(e^) = for all i ^ 1, f{Sj) = 
for all j; 

4- osp(2,2n) with the Z-grading defined by: /(ei) = 1, f{Sj) = for all j; 
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5. osp{2,2n) with the Z-grading defined by: /(ei) = 1/2, f{5j) = 1/2 for all j; 

6. osp(2m,2n), m > 2, with the Z-grading defined by: /(ei) = 1, f{ei) = for all i ^ 1, 
f{6j)=0for allj; 

7. osp(2m,2n), m>2, with the "L-grading defined by: f{ei) = 1/2, f{5j) = 1/2 for all i,j; 

8. D{2,l;a) with the Z-grading defined by: /(ei) = /(e2) = 1/2, /(ea) = 0; 

9. F{4:) with the Z-grading defined by: /(ei) = 1, /(ej) = for all i ^ I, f{5) = 1; 

10. Q{n) with the gradings defined by: deg(ej) = deg(ei) = — deg(/j) = — deg(/j) = ki, with 
ks = 1 for some s and ki = for all i ^ s; 

11. P{n) with n = 2h > 2 and the gradings of type (1, . . . , 1, 0, . . . , 0|0, . . . , 0, 1, . . . , 1) with h I's 
and h O's both in the even and odd part; 

12. H{0, n) with the grading of type (|1, 0, . . . , 0, —1). 

Proof. The claim for simple Lie algebras (the proof of which uses conjugacy of Borel subalgebras) 
is well known (see e.g. [IS])- 

In order to classify all short gradings of all classical Lie superalgebras g, we shall classify linear 
functions / on the set of roots of q which take values 1, or —1. 

Let = psl{m,n), i.e. = sl{m,n) for m n, and = sl{n,n)/¥In^n for m = n. Since Q has 
(even) roots ib(ei — ej) and ±(5, — a linear function / on the set of roots taking values and 
±1, is defined, up to a permutation of e^'s and dj's, by: /(ei) = • • • = f{ek) = a, /(ejt+i) = • • • = 
f{em) = a - 1, f{5i) = ■■■ = f{6h) = b, /(4+i) = • • • = /((5„) = 6-1, for some a,b, k = 0,...,m, 
h = 0, . . . ,n. On the other hand, g has (odd) roots ±(ei — 6j), hence, either b = a or k = m and 
6 = a + 1. Since the value of / on the roots is independent of a, we can let a = 1. 

Now let = osp{2m + l,2n). Then g has roots 5i and 2(5j, hence f{6i) = for every i. It 
follows that for every j, either /(ej) = ±1 or /(e^) = 0. If /(cj) = for every j, then we get a 
grading which is not short, hence we can assume, up to equivalence, that /(ei) = 1. Since g has 
roots ej ± ej, it follows that /(cj) = for every j 7^ 1. 

Now let g = osp{2, 2n). Then g has even roots of the form ±25i and ±6i it 6j, and odd roots of 
the form ±ei±6i hence, either f{Si) = or f{6i) = ±1/2. If f{6i) = for every i, then /(ei) = 1. If 
f{6k) = 1/2 for some k, then f{6i) = for every i and /(ei) = 1/2. We hence get two inequivalent 
short gradings. 

Likewise, if g = osp{2m, 2n) with m > 2, either f{6i) = for every z, /(e^) = 1 for some k and 
/(cj) = for every j 7^ A;, or f{5i) = for every i and /(ej) = 1/2 for every j. 

Now let g = I?(2,l;a). Then g has roots =b2ei, i = 1,2,3, hence we may assume that /(ei) = 
1/2. It follows that, up to equivalence, /(e2) = 1/2 and /(es) = 0. 

Let g = F{A). Then g has even roots ±ei±ej, i 7^ j, ±ej, ±5, and odd roots l/2(±ei±e2±e3±(5). 
It follows that there exists some k such that /(e^) = 1, hence, /(e^) = for every i ^ k and 
f{5) = ±1, i.e., up to equivalence, g has only one short grading. 

Let g = G(3). Since 5 and 25 are roots of g, we have f{5) = 0. Moreover, for every i, either 
/(ej) = or /(ej) = ±1. If /(e^) = for every i, then the grading is not short, hence we may 
assume, up to equivalence, /(ei) = 1. It follows that, for j = 2,3, either /(ej) = 1 or /(ej) = 0. 
But this contradicts the linearity of / since ei + e2 + es = 0. Hence G(3) has no short gradings. 
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Let g = Q{n). Then any Z-grading of g is defined by setting deg(ei) = deg(ej) = — deg(/i) = 
— deg(/i) = /cj € Z>o. Then, since g(n)o = An, it is clear that such a grading has depth one if and 
only if all ki^s are except for ks = 1 for some s. 

Finally, we recall that a complete list of Z-gradings of depth 1 of all simple linearly compact 
Lie superalgebras is given in [8, Proposition 8.1]. Then if g is a simple finite-dimensional Lie 
superalgebra which is not classical, or g = P{n), we select among these gradings the short ones 
such that gi and g_i have the same dimension, hence getting gradings 11. and 12. in the statement. 
□ 

Remark 3.2 It follows from Proposition 13.11 that a complete list of simple finite-dimensional Z- 
graded Lie superalgebras with a short consistent grading g = g_i © go © gi such that g_i and gi 
have the same dimension, is, up to isomorphism, as follows: 

- psl{m, n) with m, n > 1, m -|- n > 2, with the grading /(ei) = • • • = f{em) = 1, fi^i) = • • • = 
f{Sn) = 0; 

- osp{2, 2n), n > 1, with the grading f{di) = for all i, /(ei) = 1. 

Notice that P{n) has, up to equivalence, a unique consistent Z-grading, i.e., the grading of type 
(1, . . . , 1|0, ... ,0). In this grading one has: gg = sln+i, Q-i = A2(F'^+1)* and gi ^ ^^F^+i, where 
F"^^ denotes the standard s^^+i-module, hence gi and g_i have different dimension. Finally, no 
short grading of the Lie superalgebra Q{n) is consistent since in this case gj is an irreducible 
gg-module. 

Proposition 3.3 A complete list of simple linearly compact infinite- dimensional Z-graded Lie su- 
peralgebras with a short grading g = Q-i © go ffi gi such that g_i and gi have the same growth and 
the same size, is, up to isomorphism, as follows: 

- S'(l,2) with the grading of type (0|1,0); 

- S'(l,2) with the grading of type (0|1,1); 

- H{2k, n) with the grading of type (0, . . . , Ojl, 0, . . . , 0, —1); 

- K{2k + 1, n) with the grading of type (0, . . . , 0|1, 0, . . . , 0, —1); 

- SHO{3,3) with the grading of type (0, 0, 0|1, 1, 1); 

- SKO{2,3; 13) with the grading of type (0, 0|1, 1, 1); 

- £'(1,6) with the grading of type (0|1, 0, 0, — 1, 0, 0). 

Proof. All Z-gradings of depth 1 of all infinite-dimensional linearly compact simple Lie superal- 
gebras are listed, up to isomorphism, in [Bl Proposition 9.1]. Among these gradings we first select 
those which are short, hence getting the following list: 

1) W{m, n), with m > 0, n > 1, (m, n) ^ (1, 1), with the grading of type (0, . . . , 0|1, 0, . . . , 0); 

2) W{m, n), with m > 0, n > 1, (m, n) / (1, 1), with the grading of type (0, . . . , 0| — 1, 0, . . . , 0); 



10 



3) S{m, n), with m > 1 and n > 1, (m, n) ^ (2, 1), or m = 1 and n > 2, with the grading of type 
(0,...,0|1,0,...,0); 

4) S{1, 2) with the grading of type (0|1, 1); 

5) H{2k,n) with the grading of type (0, . . . ,Oll,0, ... ,0, -1); 

6) K{2k + l,n) with the grading of type (0, . . . ,Oll,0, . . . ,0,-1); 

7) SHO{3,3) with the grading of type (0, 0, 0|1, 1, 1); 

8) SKO{2,3;f3) with the grading of type (0,0|1,1,1); 

9) ^(1,6) with the grading of type (0|1, 0, 0, -1, 0, 0). 

Let us consider W{m, n) with n > 1 and the grading of type (0, . . . , 0|1, 0, . . . , 0). Then g_i = 
(^) F[[xi, . . . , x„]] ® A(6, ...,in) and gi = (Ci = 1, • • • , = 2, . . . , n) (g) F[[xi, . . . , 

Xm]] <8) A(,^2, • • • , £,n)- Therefore g_i and gi have the same growth equal to m but g_i has size 2""^ 
and gi has size (m + n — 1)2"~^. It fohows that for m > 0, n > 1 and (m, n) ^ (1, 1), g_i and gi 
do not have the same size. Likewise case 2) is ruled out. 

Now let us consider S{m,n) with n > 1 and the grading of type (0, . . . ,0|1,0, ... ,0). Then 
0-1 = (^)(»F[[xi,... ,a;„]](g)A(^2,--- and gi = {/ € = 1, ■ ■ ■ ,m, j = 2, . . . ,n)0 

F[[xi, . . . , Xm]] "8) A(^2, • • • , Cn) I div{f) = 0}. Therefore g_i and gi have the same growth equal to 
m but g_i has size 2"~^ and gi has size (m + n — 2)2""-^. It follows that for m > 1, (m, n) 7^ (2, 1), 
or m = 1 and n >2, g_i and gi do not have the same size unless m = 1 and n = 2. □ 

Remark 3.4 It follows from Proposition 13.31 that a complete list of simple infinite-dimensional 
Z-graded Lie superalgebras with a short consistent grading g = g_i ©go ©gi such that g_i and gi 
have the same growth and size, is, up to isomorphism, as follows: 

- S{1, 2) with the grading of type (0|1, 1); 

- H{2k,2) with the grading of type (0, . . . ,0|1, -1); 

- K{2k + 1,2) with the grading of type (0, . . . ,0|1,-1); 

- SHO{3,3) with the grading of type (0, 0, 0|1, 1, 1); 

- S'A'0(2,3;/3) with the grading of type (0,0|1,1,1). 



4 Classification of graded conjugations 

In this section we shall classify all graded conjugations cr of all Z-graded simple linearly compact Lie 
superalgebras g with a short consistent grading g = g_i © go © gi- In Lemma l47fl and Proposition 
14.81 we shall assume that F = C. This assumption can be removed with a little extra work. 

Remark 4.1 If is an automorphism of g preserving the grading and o" is a graded conju- 
gation, then ipaip~^ is again a graded conjugation which is equivalent to a. Indeed, we have: 

ipaip~'^ipaip~^ = iffiif'^ = where ji^^^ = {—l)^id. 
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Remark 4.2 If 99 is an involution of g preserving the grading and commuting with a, then (fa is 
again a graded conjugation. 

Proposition 4.3 The following is a complete list, up to equivalence, of graded conjugations of all 
simple finite- dimensional Lie superalgebras: 



(a) g = sl{m,n)/¥I6m,n: o"i 



a b \ _ / —a* c* 
d ~ [ -6* -d* 



c 



(b) g = sl{2h,2k)/¥I62h,2k-' ^2 ( ^ ^ 1 = ( j^st d** ) ' '^^^'"^^ denotes the symplectic 
transposition defined by M.3^) . 

(c) g = osp{2,2n): a\. 



Proof. The Lie superalgebra sl{m,n) has a short consistent grading such that go = gg consists of 

= tr6, 
p 



matrices of the form ( ^ ? I , where tra = tr6, 0_i is the set of matrices of the form ( ^ ^ 

U J y 7 U 



and 01 is the set of matrices of the form ^ ^ ^ 

For m ^ n every automorphism of sl{m,n) is either of the form Ad diag[A,B) for some 
matrices A G GLm(F), B G GL„(F), or of the form Ad diag{A,B) o ai [TOJ. Note that af = 

Ad diag{Im, —In) and af = a^^ = Ad diag{Im, —In) ° ci- For ^ ^ ^ ) ^ sl{m,n), we have: 

Ad d^ag{A, B) (^^ ^ ) = ( ^"J:! ^^^ll ) , hence every automorphism Ad d^ag{A, B) maps 

01 (resp. to itself and does not define a graded conjugation of g. Let (pA.B = -^d diag{A, B)oai . 

/ a b \ ( —A(^A~^ Ac^B^^ \ 
Then ipA,B ( ^ ) = ( -Bb^A~^ -Bd^B'^ ] ' ^^'-^ ^ graded conjugation of g, then, by 

definition, ipA,B'\g- = l, hence A^A'^ = Xlm and B^B^^ = pl^, for some A,p G F. Besides, since 
V'A.B^gj = —1) we have p = X. It follows that A* = XA hence, by transposing both sides of the 
equality, A = A^* = X'^A, i.e., = 1. Therefore, either A^ = A and 5* = B, or A* = -A, 
B^ = —B and m and n are even (since ^ and B are invertible). The thesis then follows from 
Lemma 11.41 

If m = n, in addition to the automorphisms described above, s/(n, n)/F/„,^„ has automorphisms 
of the form Ad diag{A, B) o 11, Ad diag{A, B) oH o ai and Ad diag(A, B) o ai o 11, where A,B 

GLn{¥), and U is defined as follows: for " ^ ^ G sl{n,n), ^^ = ^^ [19j. Note 

that o"! o n o o"! = n and 11 o o"! o n = cr^^. The automorphisms of the form Ad diag{A, B) olio ai 
and Ad diag{A, B)oai oil map gi (resp. g_i) to itself, hence they do not define graded conjugations 

a b \ ( AdA-^ AcB'^ 



of g. Let V'A,^ = Ad diag{A, B) oil. Then ipA,B y ^ d J ~ \ BbA~^ BaB~^ J ' folfo'^s that 

i^ABf = 1 if and only if AB = BA = XIn- As a consequence, ibAB^ = hence ipAB does not 
define a graded conjugation. 

The Lie superalgebra osp{2, 2n) has a short consistent grading such that gg consists of matrices 

of the form ( ^ D r ^^^^^ ^~(o ^a)''^^^' ^^^^ ™ ^'^^ algebra sp{2n), 
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defined by J2„, 0_i is the set of matrices of the form 



matrices of the form 







V 



a 







\ 


a b 


6* 


" 1 


-a* 



and 01 is the set of 



with a,b Ml . 



¥ 

-a* ^ J 

Every automorphism of osp{2, 2n) is either of the form Ad diag{A, B) for some matrices A = 
diag{a,a~^), a G F^, i? G Sp2n{^)-i or of the form Ad diag{A,B) o ai [19]. One can easily check 
that every automorphism of the form Ad diag{A, B) sends g_i (resp. gi) to itself, hence it does not 
define a graded conjugation of g. Let = -^d diag{A, B) oai. Then, using the same arguments 
as for the automorphisms (pA.B of the Lie superalgebra sl{m,n), one can show that ^a,b defines 
a graded conjugation of osp{2, 2n) if and only if is a symmetric matrix. Then the result follows 
from Lemma ll.6[ □ 

Remark 4.4 If g is a simple infinite-dimensional linearly compact Lie superalgebra, then Aut g 
contains a maximal reductive subgroup which is explicitely described in [6l Theorem 4.2]. We shall 
denote this subgroup by G. We point out that any reductive subgroup of Aut g is conjugate into 
G, in particular any finite order element of Aut g is conjugate to an element of G. 

Example 4.5 The grading of type (0, . . . , 0|1, -1) of g = H{2k, 2) (resp. K{2k + 1, 2)) is short. 
Let A = F[[pi, . . . gi, . . . , qk]] (resp. A = F[[t,_pi, . . . gi, . . . , g^]])- We have: 

g-i = {i2)®A, 

00 = ((1,66) ®^)/Fl (resp. (1,66) ®^), 

01 = (6) ® A 

For every linear involutive change of variables 99, multiplying by —1 the 1-form X)i=i(?'«^9« — Qidpi) 
(resp. dt + Yli=iiPidQi — Qidpi)), the following map is a graded conjugation of 0: 

f{Pi,qi) ^ -f{'P{Pi),^{qi)) (resp. f{t,Pi,qi) ^ -f{ip{t),ip{pi),ip{qi)) 

/(K,9i)66 ^ -f{^{Pi),v{qi))^i^2 (resp. /(t,Pi,gi)66 ^ -/(</'(*), <^(Pi)> 7^(90)66) 

f{Pi,(li)ii ^ fiv{Pi),v{Qi))^2 (resp. f{t,pi,qi)^i ^ f{'p{t),(p{pi),(p{qi))^2) 

f{Pi,(li)i2 H> -f{H^{P'i),ip{qi))ii (resp. f{t,pi,qi)^2 ^ -f{'p{t),v{Pi),v{qi))^i)- 



(4.1) 



SHO{3,3), or SKO{2,3; 1). Then the algebra of outer derivations 



with e = 66|: and = 6^ + 6^ if = ^(1, 2), e-^-^^ ^ 



Example 4.6 Let = S'(l,2) 
of contains s/2 = {e,h,f), 

66517 - ^i^2g|j ^"^^ ^ = S'=i if = ^^0{3, 3), e = 66^ and h = l/2(r - xi6 - X26) if 
= SK0(2, 3; 1). Let us denote by Gout the subgroup of Aut q generated by exp(a(i(e)), exp(a(i(/)) 
and exp{ad{h)). We recall that Gout C G, where G is the subgroup of Aut q introduced in Remark 
14.41 pi Remark 2.2, Theorem 4.2]. We shall denote by U- the one parameter group of automorphisms 
ex.p{ad{tf)), and by Gmn the subgroup of G consisting of inner automorphisms. Finally, H will 
denote the subgroup of Aut q consisting of invertible changes of variables multiplying the volume 
form (resp. the even supersymplectic form) by a constant if = 5'(1,2) (resp. = SHO{3,3)), or 
the odd supercontact form by a function if = SK0{2, 3; 1) (see P, Theorem 4.5]). 

The gradings of type (0|1,1), (0, 0, 0|1, 1, 1) and (0,0|1,1,1) of = 5(1,2), SHO{3,3) and 
SKO{2,3; 1), respectively, are short, and the subspaces 0i's are as follows: 
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= 5(1,2): 

00 = {/ G = l,2)0¥[[x]],div{f) = 0} 

01 = {/ G = l,2)(S)¥[[x]],dtv{f) = 0}. 
= SHO{3,3): 

Q^l=¥[[xi,X2,Xs]]/¥l 

00 = {/ G (6,6,6) ® xa, a;3]]| A(/) = 0} 

01 = {/ G = 1,2,3) ^F[[xi,X2,X3]]|A(/) = 0}. 

Q = SKO{2,3-iy. 

0_1 = F[[xi,X2]] 

00 = {/ G {^l,^2,T)0¥[[xi,X2]]\diVi{f) = 0} 

01 = {/ G (r6,66 I i = l,2)®¥[[xi,X2]]\diviif) = 0}. 

In all these cases the map s = exp(a(i(e)) exp(a(i(— /)) exp(ad(e)) is a graded conjugation of g: for 
z G 0-1, s{z) = [e,z]; for z G 0i, s{z) = —[f,z], for z G go, s{z) = z. Note that each of the above 
gradings can be extended to Der g = g x o, with a D s/2, so that e has degree 2, /i has degree 0, 
and / has degree —2. 

Lemma 4.7 If Q is one of the following "L-graded Lie superalgebras: 

1. S'(l,2) with the grading of type (0|1,1), 

2. 5X0(2, 3; 1) with the grading of type (0,0|1,1,1), 

3. SHO{3,3) with the grading of type (0, 0, 0|1, 1, 1), 

and a is a graded conjugation of q, then a is conjugate to an automorphism of the form s o 
exjp{ad{th)) o ip, for some t G F and some (p G Gj„„ such that = 1. 

Proof. Let us first assume g = S'(l,2) with the grading of type (0|1,1), or g = SK0{2,3]1) 
with the grading of type (0, 0|1,1,1). By [U Remark 4.6], if ip is an automorphism of g lying 
in G, then either V G U-H n G or V G UsH n G. Note that U-H n G = U-{H n G) and 
U-sH nG = U-s{H n G), since C/_ C G and s G G [6, Theorem 4.2]. Here n G is the 
subgroup of Aut g generated by exp(aci(e)), exp(ad{h)) and Gj„„. Note that Gj„„ C exp{ad{Qo)). 
Let ip G U-{H n G). Then -0 = exp(ad(t/))V'o for some t G F and some tpQ £ H Ci G. For 
X G gi, we have: '>p{x) = exp{ad{t f)){^po{x)) = ipo{x) + t[f, tpQ{x)], since ipo{x) G gi. In particular, 
ip{x) ^ g-i- Now let (T be a graded conjugation of g. Then we may assume, up to conjugation, 
that a lies in G. Since a exchanges gi and g_i, by the observation above a G U-s{H n G), i.e., 
(T = exp{ad{tf))sipoipi for some t G F, some pi G Gj„„ and some po lying in the subgroup generated 
by exp{ad{h)) and exp(a(i(e)). We can assume ipo = exp{ad{l3e)) exp{ad{ah)) for some a,/3 G F, 
i.e., a = exp{ad{tf))sexp{ad(l3e))exp{ad{ah))Lpi. Since fi{Qi) = Qi and 991 (g_i) = g_i, for x G gi 
we have: 

cr(x) = — exp(a;)[/, (pi{x)] = s o exp{ad{ah)) o pi{x). 

For X G g_i we have: 

(4.2) a{x) = exp(-a)([e, pi{x)] + {t - /3)vpi(x)). 



14 



Notice that if x G 0_i, then [e,(pi{x)] G gi and ipi{x) € g-i. Since ^(g-i) = gi, we have 

()4.2p = exp(— a)[e, (pi{x)] = s o ex.p{ad{ah)) o {pi{x). 

Therefore a = s o exp{ad{ah)) o ipi. Now notice that s o exp{ad{ah)) = exp{ad{—ah)) o s, 
exp{ad{ah)) o ipi = ipi o exp{ad{ah)), and s o ipi = ipi o s. It follows that a'^ = s o exp{ad{ah)) o 
ifi o s o exp{ad{ah)) o ipi = s o exp{ad{ah)) exp{ad{—ah)) o s o Lp\ = o iff, therefore iff = 1. 

Now let g = SHO{3, 3) with the grading of type (0, 0, 0|1, 1, 1). As in the previous cases, if a is 
a graded conjugation of g, then a £ U^s{H n G). Here H CiG is the subgroup of Aut g generated 
by exp(a<i(e)), exp(ad(/i)), exp(ad($)), and Gi„„, where $ = + 
generated by exp{ad{xi^j)) with i,j = 1,2,3, z 7^ j, and is thus isomorphic to SL3. Note that $ 
commutes with Gj„„ and h. We may hence assume a = exp{ad{tf))sipoipi, for some t G F, some 

G Gmri and some ipo lying in the subgroup generated by exp(ad(e)), exp{ad{h)), exp(a(i($)), 
i.e., ipo = exp{ad{'ye)) o exp(a(i(/3$)) o exp{ad{ah)), for some a,/3,7 G F. Arguing as for 5(1,2) 
and 5i^O(2,3; 1), one shows that, in fact, a = s o exp{ad{/3^)) o exp{ad{ah)) o ipi. Besides, the 
following commutation relations hold: s o exp{ad{ah)) = exp{ad{—ah)) o s, exp{ad{ah)) o ipi = (pio 
exp{ad{ah)), soipi = ipios, exp(afi(/3$)) o S[g_^ = exp(3/3)s oexp(a(i(/3$))|g_^ , exp{ad{l3^)) o s^^^ = 
exp(— 3/3)s o exp(a(i(/3<l>))|gj . It follows that, since cr^ = s^,we have: exp(3/3) exp(a(i(/3<I>))^(/?f = 
1, exp(— 3/3) exp(a(i(/3<&))^V9f = 1. Note that Ginn acts on g_i by the standard action of vector 
fields on functions. In particular V = (xi,X2,X3) is stabilized by this action and exp{ad{^)) 
acts on V by scalar multiplication by exp(— 1). It follows that if G SL^ is the matrix of the 
action of cpi on V, then exp 

(/3)J3F2 = hence exp(3/3) = exp(3/3) det(F)2 = 1. It follows 
that {exp{ad{/3^)) o ipi)'^ = 1, moreover, we can assume /3 = 0, since exp(/3)/3 G SL3. Hence 
a = s o exp{ad{ah)) o cpi, for some a G F and some ipi G Gmn such that ip\ = 1. □ 

Proposition 4.8 The following is a complete list, up to equivalence, of graded conjugations of all 
simple infinite- dimensional linearly compact Lie superalgebras g; 

a) Q = H(2k,2): a is the automorphism of Q defined by |^.i[ ). 

b) Q = K{2k + 1,2).- a is the automorphism of Q defined by (^TTp. 

c) g = 5(1,2).- s. 

d) g = 5(1, 2).- fj = s o exp{ad{ah')) o ipo, where exp(2Q) = -I, h' = 2x-^ + 6^ + ^2^, 
lies in the SL2-subgroup of Ginn, and ip^ = —1. 

e) Q = SK0{2,3;1): s. 

f) 5 = SKO{2, 3; 1); a = s o exp{ad{ah')), where exp(2a) = —1 and h' = xi^i + + t. 

g) Q = SH0{3, 3); a = s o ip with (p G Ginn such that ip^ = 1. 

Proof. By definition of graded conjugation, g is, up to isomorphism, one of the Z-graded Lie 
superalgebras listed in Remark 13.41 Let g = H{2k,2) with the grading of type (0, . . . , 0|1, — 1) 
(see Example 14. 5p . and let <t be a graded conjugation of g. By Remark 14.41 we can assume that 
o" G G = ¥^{Sp2k X O2) Theorem 4.2]. Note that G consists of linear changes of variables 
preserving the symplectic form up to multiplication by a non-zero scalar. Since a exchanges g-_i 
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and 01, and o"^|g_i = —1, we have: cr(^i) = a^2 and o-(^2) = for some a G F^, hence, 

up to multiphcation by a scalar, we may assume that a = 1. It follows that, for / € F[[pj,gj]], 

^(/) = = = = / for some / G ¥[[pi,qi]], i.e., = fT(/)ei. 

Likewise, a{fCi) = -o"(/)^2, and a{f ^1^2) = Besides, for f,g e ¥[\pi,qi\] o-([/^i, 5^2]) = 

^(/<?+ = -Hm2,a{g)^i] = -TifMg) + k(/),cT(5)]66. Hence = 

i.e., —a is an automorphism of F[[pj,gj]] as an associative algebra. It follows that a is defined as 

follows: 

f{Pi,qi) ^ -f{f{Pi),^{(li)) 

f{pi,<ii)ii^ f{^{pi),H^{<ii))i2 

for some linear change of even variables Since cr(^i) = ^2 and cr(i^2) = ^ multiplies the odd 
part d^id^2 of the symplectic form by —1, hence multiplies the even part of the symplectic form 
by —1. Moreover, cr'^{f{pi,qi)) = f {'^'^ (pi) , y^'^ (qi)) , hence = 1. This concludes the proof of a). 
The same arguments prove b). In this case, one has fo^ = ~^of- 

Let g = SKO{2, 3; /3) with /? 7^ 1 and the grading of type (0, 0|1, 1, 1). By [6l Theorem 4.2], G 
is generated by exp(ad(r + xi^i + X2S,2)) and Ginn- Note that is contained in exp{ad{Qo)), 
hence no automorphism of g exchanges gi and g_i. It follows that g has no graded conjugations. 

Let g = 5(1,2) and let o" be a graded conjugation of g. Then, by Lemma 14.71 a = s o 
ex.p(ad{th)) o 93 for some t G F and some if G Ginn such that (/?^ = 1. The group Ginn is gen- 
erated by exp{ad{h')), exp(a(i(^i^)), exp(ad(^2^)) and exp{ad{^i-^ — ^2^)), hence we may 
write If = exp{ad{ah'))ipQ for some a G F and some ipo in the S'L2-subgroup of Ginn generated 
by exp(ad(^i^)), exp(a(i(6^)) and exp(ad(Ci^ - 6^))- Note that (p{-^) = exp(-2a)^, 
therefore exp(2a) = ±1 since 99^ = 1. Besides, if z G g_i = (^)^) (8) F[[x]], then f'^{z) = 
exp(— 2a)(/9Q(z), therefore either 

i) exp(2a) = 1 and (^o^g ^ = 1; 

or 

a) exp(2a) = —1 and (/Jo^g ^ = — 1- 
In case i) we have ^o\g_-^ = il) since ipo G SL2. Then (po\gg = 1 since cpo acts on go via the adjoint 
action. It follows that a^^^ = 1, since a = s o eKp{ad{th)) o ex.p{ad{ah'))(po, exp{ad{ah'))\gg = 1 
since exp(2a) = 1, exp(ad{th))^Q^ = 1 and S|g,, = 1. By Remark 12.41 and the classification of 3-Lie 
algebras obtained in [9], we conclude that a is conjugate to s. 

In case ii) ipo corresponds to a 2 x 2 matrix of the form ( ^ ^ ) such that + be = — 1. 



c —a 

The corresponding element a = s o ex.p{ad{th)) o eyip{ad{ah'))ipQ acts on g_i as follows: 

d d d d d 

x''— ^ exp(2ra) exp(-t - a)(-arx''"^^i^2^ - brx''~^iii2^ + ax''^2^ bx^'^i—); 

ot,i a^i ot,2 ox ox 

Q d d d d 

x''-— ^ exp(2ra) exp(-t - a) ( -era;''" ^^1^2 777- + arx''~'^ ^1^2-^ + cx''^^ + ax^^i—). 
a^2 ot,i 0^2 ox ox 

It follows that, up to rescaling, we may assume that t = hence getting d). 

In order to classify the graded conjugations of g = SKO(2, 3; 1) we argue in a similar way as for 
S{1, 2). Namely, let a be such a map, then, by Lemma 14.71 a = s o exp{ad{th)) o ip for some t G F 
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and some S such that if^ = 1. The group Ginn is generated by exp(ad(/i')), exp(afi(xi^2))5 
exp(o(i(rc2i^i)) and exp(a(i(xi^i— 0:2^2)), hence we may write if = exp(a(i(a/i'))(/3o for some a G F and 
some (/3o in the 5-L2-subgroup of Ginn generated by exp(ad(xi^2)), exp(o(i(x2Ci)) and exp(ad(a;i^i — 
^2^2))- Note that this 5'L2-subgroup acts on 0_i = F[[xi, X2]] via the standard action of vector fields 
on functions, and stabihzes the subspaces of F[[xi,X2]] consisting of homogeneous polynomials of 
fixed degree. We have: ^p{l) = exp(a(i(a/i'))(l) = exp(— 2a), therefore, since ip^ = 1, either 
exp(2a) = 1 or exp(2a) = —1. If exp(2a) = 1, then, for / € g-i, ^[f) = Vol/); if exp(2a) = — 1, 
then, for / G 0_i, <p{f) = -y?o(/"), where /"(xi,X2) = /(-Xi,-X2). It follows that V'oig.i = 1- 
In particular, \iV = {xi,X2), then (/Jo|y = il, i-e., ^po = exp(a(i(^(xi^i — X2'^2)) with A £¥ such 
that exp(74) = ±1. It follows that a = s o ex.p(ad{th)) o exp(ad(a/i')) exp(a(i(^(xi^i — X2'^2)), for 
some t,a, A £ ¥ such that exp(2a) = ±1, exp(^) = ±1. We now consider the restriction of a to 
go- We have: a^g^ = exp(a(i(a/i')) exp(ad(A(xi^i — X2'^2))|go) since s^g^ = 1 and exp(a(i(t/i))|gg = 1. 
It is then easy to check that either 

i) exp(2a) exp(y4) = 1 and a^^^ = 1; 

or 

a) exp(2a) exp(A) = —1. 

In case i), by Remark 12.41 and the classification of 3-Lie algebras obtained in [9], cr is conjugate to 
s. In case ii), a = s o exp{ad{th)) o exp{ad{ah')) exp{ad{A{xi(,i — 2:2^2)) acts on g_i = F[[xi, 0:2]] 
as follows: 

f ^ - exp(-t)s(/~), if exp(^) = 1, exp(-2a) = -1; 

/ i-> exp(-t)s(/"), if exp(A) = -l,exp(-2a;) = 1. 

Therefore, changing the sign if necessary, we may assume that we are in the first case and in this 
case we may assume, up to rescaling, that A = = t, hence getting /). 

Let = SHO{3,3) with the grading of type (0, 0, 0|1, 1, 1). Then, by Lemma 1121 a = s o 
exp{ad{th)) o ip for some ip G Ginn such that p'^ = 1, and some t € F. For a € g_i, we have: 

cr(a) = s{exp{ad{th)){ip{a)) = exp{—t)s{ip{a)) = exp{—t)[e,p{a)], 

since ip{a) £ g_i. Up to rescaling, we can thus assume that t = 0, hence getting g). Note that in 
this case Ginn — SL3. □ 

Remark 4.9 It is proved in [9j that there are no simple linearly compact N = 8 3-super algebras, 
which are not 3-algebras. On the contrary, there are many simple linearly compact = 6 3- 
superalgebras beyond 3-algebras. We are planning to classify them in a subsequent publication. 

5 = 5 3-algebras 

Based on the discussion in [2j, the following seems to be a right definition of an = 5 3-algebra. 

Definition 5.1 An N = 5 3-algebra is a 3-algebra whose 3-bracket [•,-,•] satisfies the following 
axioms: 

(a) [u, V, w] = [v, u, w] 

{b) [u,v,[x,y,z]] = [[u,v,x],y,z]-^[x,[u,v,y],z]-^[x, y, [u, v,z]] 
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(c) [u, V, w] + [v, w, u\ + [w^ u, v] = 0. 

The following example is inspired by [13j: we just replace Z/2Z-graded Lie algebras by Lie 
super algebras. 

Example 5.2 Let g be a Lie superalgebra. Define, for a,b,c & V := Hqi, [a, b, c] = [[a, b],c\. Then 
V with this 3-bracket is an = 5 3-algebra. Indeed, (a) follows from the skew-commutativity of 
the (super) bracket, and (6) and (c) from the (super) Jacobi identity. 

Conversely, any N = 5 3-algebra can be constructed in this way. Namely, let (A^, [•,-,•]) be 
an = 5 3-algebra. Set 9i{N) = UN and let 0o(-^) be the subalgebra of the Lie superalgebra 
End{N) spanned by elements b, with a,b G N, defined by: 

La,b{c) = [a,b,c]. 

Note that, by property (a) of Definition [5Tl La,b = Lb,a- Moreover, [La,b,Lc,d] = L[a,b,c],d + L[a,b,d],c- 
Let q{N) = do{N) + Qi{N) with [L„,b,c] = La,b(c) = -[c,La,b], and [a,b] = L^^b, for a,b,c G 
Qi{N). Then q{N) is a Lie superalgebra. Indeed, the skew-commutativity of the bracket follows 
immediately from the construction. Besides, the (super) Jacobi identity for q{N) can be proved as 
follows: for a, 6, c,d,x G Qi (N), 

[[La,b, Lc,d],x] = L[a,b,c],d{x) + L^a,b,d],c{^) = ^' ^] + ^' C> A 

= [a, 6, [c, d, x\] - [c, d, [a, b, x]] = [La,b, [Lc,d, x]] - [L^^, [La,b, x]], 
where we used property (5) of Definition l5.lt besides, 

[[La,b,c],d] = [[a,6, c],d] = L[a,b,c],d = [La,b,Lc4] - Lc^[a,b,d] = [La,b, [C,d]] - [c, [Lafi,d]]. 

Finally, [[a,6],c] = [La,b,c\ = [a,b,c] = -[b,c,a] - [a,c,b] = [a, [b,c]] + [b, [a,c\], by property (c) of 
Definition 15.11 

A skew-symmetric bilinear form (., .) on a finite-dimensional N = 5 3-algebra is called invariant 
if the 4-linear form ([a,b,c],d) on it is invariant under permutations (ab), (cd) and {ac){bd) (which 
generate a dihedral group of order 8). 

It is easy to see that if g is a finite-dimensional Lie superalgebra, then the restriction of any 
invariant supersymmetric bilinear form (.,.) on g to gj defines on the A^ = 5 3-algebra V = Ilgj 
an invariant bilinear form. If, in addition, g is a simple Lie superalgebra and the bilinear form is 
non-degenerate, then g is isomorphic to one of Lie superalgebras psl{m,n), osp{m,n), D(2, l;a), 
-F(4), G(3), or H{2k) [TJ]. All examples of the corresponding A^ = 5 3-algebras appear in [2], 
except for g = H{2k). In the latter case the corresponding N = 5 3-algebra is the subspace of 
odd elements of the Grassmann algebra in 2k indeterminates with reversed parity, endowed with 
the following 3-bracket: [a,6, c] = {{a, 6},c}, where {a, 6} = Yli invariant bilinear form 

being (o, b) = coefficient of £,i---^2k in a&*> where b* is the Hodge dual of b. 

We show, in conclusion, how to associate an A^ = 5 3-algebra to an A^ = 6 3-algebra. Let 
(L, [•, •, be an A^ = 6 3-algebra. Let T = L + L', where L' = {ipx, x G L), tpxiy, z) = — [y, x, z\q. 
Let 0" : T — )• T be defined by: cr{z) = —ipz,(7{ipz) = z (cf. Remark 12. 4p . Then cj^ = —1. Now define 
on T the following 3-bracket (a, b,c G T): 

[a, b, c]5 = if a, 6 G L or a, 6 G L'; 

[a,6, c]5 = [6, a,c]5 = [a,a{b),c]e = [[a,b],c] if a G L,6 G L' . 

Then (T, [•,-,•] 5) is an A^ = 5 3-algebra. 
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